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Preface

The Workshop on Approzimation Algorithms for Combinatorial Optimization
Problems APPROX’98 focuses on algorithmic and complexity aspects arising
in the development of efficient approximate solutions to computationally difficult
problems. It aims, in particular, at fostering cooperation among algorithmic and
complexity researchers in the field. The workshop, to be held at the University
of Aalborg, Denmark, on July 18 - 19, 1998, co-locates with ICALP’98. We
would like to thank the organizer of ICALP’98, Kim Larsen, for this opportunity.
A previous event in Europe on approximate solutions of hard combinatorial
problems consisting in a school followed by a workshop was held in Udine (Italy)
in 1996.

Topics of interest for APPROX’98 are: design and analysis of approxima-
tion algorithms, inapproximability results, on-line problems, randomization tech-
niques, average-case analysis, approximation classes, scheduling problems, rout-
ing and flow problems, coloring and partitioning, cuts and connectivity, packing
and covering, geometric problems, network design, and various applications. The
number of submitted papers to APPROX’98 was 37. Only 14 papers were se-
lected. This volume contains the selected papers plus papers by invited speakers.
All papers published in the workshop proceedings were selected by the program
committee on the basis of referee reports. Each paper was reviewed by at least
three referees who judged the papers for originality, quality, and consistency with
the topics of the conference.

We would like to thank all authors who responded to the call for papers and
our invited speakers: Magntis M. Halldérsson (Reykjavik), David B. Shmoys
(Cornell), and Vijay V. Vazirani (Georgia Tech). Furthermore, we thank the
members of the program committee:

— Ed Coffman (Murray Hill),

— Pierluigi Crescenzi (Florence),

— Ulrich Faigle (Enschede),

~ Michel X. Goemans (Louvain and Cambridge),
- Peter Gritzmann (Miinchen),

~ Magnis M. Halldérsson (Reykjavik),

~ Johan Hastad (Stockholm),

~ Klaus Jansen (Saarbriicken and Lugano, chair),
— Claire Kenyon (Orsay),

~ Andrzej Lingas (Lund),

~ George Lueker (Irvine),

—~ Ernst W. Mayr (Miinchen),

~ Jose D.P. Rolim (Geneva, chair),

— Andreas Schulz (Berlin),

— David B. Shmoys (Cornell),

— Jan van Leeuwen (Utrecht).
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Approximations of Independent Sets in Graphs

Magnis M. Halldérsson':2

1 Science Institute, University of Iceland, Reykjavik, Iceland.
mmh@hi.is
2 Department of Informatics, University of Bergen, Norway.

1 Introduction

The independent set problem is that of finding a maximum size set of mutually
non-adjacent vertices in a graph. The study of independent sets, and their alter
egos, cliques, has had a central place in combinatorial theory.

Independent sets occur whenever we seek sets of items free of pairwise con-
flicts, e.g. when scheduling tasks. Aside from numerous applications (which might
be more pronounced if the problems weren’t so intractable), independent sets and
cliques appear frequently in the theory of computing, e.g. in interactive proof
systems [6] or monotone circuit complexity [2]. They form the representative
problems for the class of subgraph or packing problems in graphs, are essen-
tial companions of graph colorings, and form the basis of clustering, whether in
terms of nearness or dispersion.

As late as 1990, the literature on independent set approximations was ex-
tremely sparse. In the period since Johnson [31] started the study of algorithms
with good performance ratios in 1974 — and in particular showed that a whole
slew of independent set algorithms had only the trivial performance ratio of n
on general graphs — only one paper had appeared containing positive results
[29], aside from the special case of planar graphs [34,8]. Lower bounds were ef-
fectively non-existent, as while it was known that the best possible performance
ratio would not be some fized constant, there might still be a polynomial-time
approximation scheme lurking somewhere.

Success on proving lower bounds for Independent Set has been dramatic
and received worldwide attention, including the New York Times. Progress on
improved approximation algorithms has been less dramatic, but a notable body
of results has been developed. The purpose of this talk is to bring some of these
results together, consider the lessons learned, and hypothesize about possible
future developments.

The current paper is not meant to be the ultimate summary of independent
set approximation algorithms, but an introduction to the performance ratios
known, the strategies that have been applied, and offer glimpses of some of the
results that have been proven.

We prefer to study a range of algorithms, rather than seek only the best
possible performance guarantee. The latter is fine as far as it goes, but is not
the only thing that matters; only so much information is represented by a single
number. Algorithmic strategies vary in their time requirements, temporal access
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2 Magnus M. Halldérsson

to data, parallelizability, simplicity and numerous other factors that are far from
irrelevant. Different algorithms may also be incomparable on different classes of
graphs, e.g. depending on the size of the optimal solution. Finally, the proof
techniques are perhaps the most valuable product of the analysis of heuristics.

We look at a slightly random selection of approximation results in the body
of the paper. A complete survey is beyond the scope of this paper but is under
preparation. The primary criteria for selection was simplicity, of the algorithm
and the proof. We state some observations that have not formally appeared
before, give some recent results, and present simpler proofs of other results.

The paper is organized as follows. We define relevant problems and definitions
in the following section. In the body of the paper we present a number of par-
ticular results illustrating particular algorithmic strategies: subgraph removal,
semi-definite programming, partitioning, greedy algorithms and local search. We
give a listing of known performance results and finish with a discussion of open
issues.

2 Problems and definitions

INDEPENDENT SET: Given a graph G = (V, E), find a maximum cardinality set
I C V such that for each u,v € I, (u,v) € E. The independence number of
G, denoted by «(G), is the size of the maximum independent set.

CLIQUE PARTITION: Given a graph G = (V, E), find a minimum cardinality set
of disjoint cliques from G that contains every vertex.

Kk-SET PACKING: Given a collection C of sets of size at most x drawn from a
finite set S, find a minimum cardinality collection C’ such that each element
in S is contained in some set in C’.

These problems may also be weighted, with weights on the vertices (or on
the sets in SET PACKING).

A set packing instance is a case of an independent set problem. Given a set
system (C,.5), form a graph with a vertex for each set in C and edge between
two vertices if the corresponding sets intersect. Observe that if the sets in C are
of size at most k, then the graph contains a x + 1-claw, which is a subgraph
consisting of a center node adjacent to x + 1 mutually non-adjacent vertices.
The independent set problem in k+ 1-claw free graphs slightly generalizes xk-SET
PACKING, which in turn slightly generalizes k-DIMENSIONAL MATCHING.

The performance ratio pa of an independent set algorithm A is given by

_ _ a(G)
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Notation

n the number of vertices d(v) the degree of vertex v
m the number of edges N (v) set of neighbors of v

A maximum degree N (v) non-neighbors of v

d average degree A(G) the size of solution found by A
6 minimum degree pa  performance ratio of A

« independence number y clique partition number

Kk maximum claw size

3 Ramsey theory and subgraph removal

The first published algorithm with a non-trivial performance ratio on general
graphs was introduced in 1990. In appreciation of the heritage that the late
master Erdos left us, we give here a treatment different from Boppana and
Halldérsson [12] that more closely resembles the original Ramsey theorem of
Erdds and Szekeres [17].

Ramsey (G) CliqueRemoval (G)

if G = 0 then return (0, 0) i — 1

choose some v € G (Ci, I;) — Ramsey (G)

(C1,11) < Ramsey(N(v)) while G # 0 do

(Cs,I) « Ramsey(N(v)) G — G - C;

return (larger of (C1 U {v}, Cy), i — 1+ 1

larger of (I1, I U {v})) (Ci, I;) < Ramsey (G)

od
return ((maxi_, I;), {C1, Ca, ..., Ci})

Fig. 1. Independent set algorithm based on Ramsey theory

Theorem 1. Ramsey finds an independent set I and a clique C' such that
(\I\‘EI‘CI) — 1> n. In particular, |I]-|C| > %log2 n.

Proof. The proof is by induction on both |I| and |C|. It is easy to verify the
claim when either |I| or |C| are at most 1. By the induction hypothesis,

n=|N®)| +[N(v)| +1< (<|11|gl|01> —1+ (<12| +|C(:2| - 1) —1)+1.

Recall that |C| = max(|C1| + 1, |Cs|) and |I| = max(|[1|, |I2| + 1). Thus,

I +1Cl -1\ | (1]+]C] -1
< —1.
”—( -1 )70 o

The claim now follows from the equality (sjt) = (sizl) + (”271).



4 Magnus M. Halldérsson

It is easy to verify that the product of |I] and |C] is minimized when they

are equal. That is, when n = (2||CC||) < 22 hence |I| - |C| > (4 1ogn)?. =

The following simplified proof of a O(n/ log? n) performance ratio also bor-
rows from another of Erdés’s work [15].

Theorem 2. The performance ratio of CliqueRemoval is O(n/ log? n).

Proof. Let CC denote the number of cliques returned by CliqueRemoval and
let C'Cy denote the number of cliques removed before the size of the graph
dropped below ng = n/ log2 n. Let ¢t be the size of the smallest of these latter
cliques, which without loss of generality is at most log? n. Then CC} < n /t, and
CC <nft+ng < 2n/t.

If  is the independent set returned, we have that |I| >4 log® ng/t >2log® n/t.
Consider the product of the two performance ratio of CliqueRemoval, p, for
independent sets, and py for clique partition:

__CC « n_a__n
Po i X M| " lognx ~ logn’

Clearly, either performance ratio is also bounded by O(n/ log? n). m

For graphs with high independence number, the ratios are better.

Theorem 3. If a(G) > n/k + p, then CliqueRemoval finds an independent set
of size £2(p/(F=1)),

This illustrates the strategy of subgraph remowval, that is based around the
concept that graphs without small dense subgraphs are easier to approximate.

4 Lovasz theta function

A fascinating polynomial-time computable function ¥(G), that was introduced
by Lovdsz [37], has the remarkable sandwiching property that it always lies
between two N P-hard functions, a(G) < 9(G) < Y(G). This property suggests
that it may be particularly suited for obtaining good approximations to either
function. While some of those hopes have been dashed, a number of fruitful
applications have been found and it remains the most promising candidate for
obtaining improved approximations.

Karger, Motwani and Sudan [32] proved the following property in the context
of coloring. The “soft-omega” notation {2 hides logarithmic factors.

Theorem 4 (Karger et al). If 9(G) < k, then an independent set of size
Q(n3/ (’“"’1)) can be constructed with high probability in polynomial time.

Mahajan and Ramesh [38] showed how these and related algorithms can be
derandomized. Alon and Kahale [4] applied the theta function further for inde-
pendent sets.
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Theorem 5 (Alon, Kahale). If ¥(G) > n/k+p (e.g. if a«(G) > n/k+p), then
we can find a graph K on p vertices with 9(K) < k.

Combining the two, they obtained a ratio for high-independence graphs that
improves on Theorem 3.

Corollary 1. For any fived integer k > 3, if 9(G) > n/k + p, then an indepen-
dent set of size Q(p3/(k“)) can be found in polynomial time.

Theta function on sparse graphs Karger et al. proved a core result in terms
of maximum degree of the graph. In fact, their argument also holds in terms of
average degree.

Theorem 6 (Karger et al). If 9(G) < k, then an independent set of size
f)(n/EkQ/k) can be constructed with high probability in polynomial time.

Vishwanathan [10] observed that this, combined with Theorem 5, also yields
an improved algorithm for bounded-degree graphs. This, however, has not been
stated before in the literature, to the best of the author’s knowledge.

Proposition 1. INDEPENDENT SET can be approrimated within a factor of
O(Aloglog A/ log A)*.

Proof. Given G, if a(G) > n/k = n/2k + n/2k, then we can find a subgraph
K on n/2k vertices with ¥(K) < k and maximum degree at most A(G), by
Theorem 5. By Theorem 6, we can find an independent set in K (and G) of
size 2((n/2k)/A2/%) = Q(n/A - A%/* JE). If k <log A/loglog A, then the set
found is of size £2(n/A-log A), and the claim is satisfied since o < n. Otherwise,
a < nloglog A/log A, and any maximal solution is of size n/(A+ 1), for a ratio
satisfying the proposition. m

5 Partitioning and weighted independent sets

A simple strategy in the design of approximation algorithms is to break the
problem into a collection of easier subproblems.

Observation 1 Suppose we can partition G into t subgraphs and solve the
weighted independent set problem on each subgraph optimally. Then, the largest
of these solutions is a t-approximation of G.

Proof. The size of the optimal solution for G is at most the sum of the sizes
of the largest independent sets on each subgraph, which is at most ¢ times the
largest solution in some subgraph. =

This gives us the first non-trivial ratio for weighted independent sets in gen-
eral graphs [21].

! We may need to assume that A be a large constant independent of n.
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Theorem 7. The weighted independent set problem can be approximated within
O(n(loglogn/logn)?).

Proof. The bound on Ramsey in Theorem 1 implies that it either outputs an
independent set of size log? n, or a clique of size logn /loglogn. We apply this al-
gorithm repeatedly, like CliqueRemoval, but either removes a log?® n-independent
set or a logn/loglogn-clique in each step.

We now form a partition where each class is either an independent set, or a
(not necessarily disjoint) union of logn/loglogn different cliques. This yields a
partition into O(n(loglogn/logn)?) classes.

The weighted independent set problem on such classes can be solved by
exhaustively checking all (logn/ loglogn)'ee™/1egloe™ — O(n) possible combina-
tions of selecting one vertex from each clique. Thus, by the above observation,
the claimed ratio follows. m

On bounded-degree graphs, we can apply a partitioning lemma of Lovész
[35], which we specialize here to this application.

Lemma 2. The vertices of a graph can be partitioned into [(A + 1)/3] sets,
where each induces a subgraph of maximum degree at most two.

Proof. Start with an arbitrary partitioning into [(A + 1)/3] sets, and repeat
the following operation: If v is adjacent to three or more vertices in its set, move
it to a set where it has at most two neighbors. Such a set must exist as otherwise
v’s degree would be at least 3[(A +1)/3] > A+ 1. Observe that such a move
increases the number of cross edges, or edges going between different sets, hence
this process must terminate with a partition where every vertex has at most two
neighbors in its set. m

Dynamic programming easily solves the weighted maximum independent set
problem on each such subgraph, and as shown in [23], the partitioning can also
be performed in linear time by starting with a greedy partition.

Theorem 8. WEIGHTED INDEPENDENT SET is approzimable within [(A+1)/3]
in linear time.

Hochbaum [29] also used a form of a partition, a coloring, to approximate
weighted independent set problems.

6 Greediness and Set packing

The general set packing problem can be shown to be equivalent to the inde-
pendent set problem. Given a graph G = (V, E), let the base set S contain one
element for each edge in F, and for each vertex v € V, form a set C, containing
the base sets corresponding to edges incident on v. It holds that the maximum
number of sets in a set packing of (S,C) is a(G).

There are four parameters of set systems that are of interest for SET PACKING
approximations: n, the number of sets, |S|, the number of base elements, x,
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maximum cardinality of a set, and B, the maximum number of occurrences of a
base elements in sets in C.

In the reduction above, we find that |C| = n, and therefore approximations of
Independent Set as functions of n carry over to approximations of Set Packing in
terms of |C|. A reduction in the other direction also preserves this relationship.

As for B, observe that in the reduction above, B = 2, for arbitrary instances.
Hence, we cannot expect any approximations as functions of B alone. It remains
to consider approximability in terms of x and |S].

Local search Just about any solution gives a modest approximation.
Theorem 9. Any mazximal solution is k-approzimate.

Proof. We say that a vertex v dominates a vertex u if v and v are either adjacent
or the same vertex. Any vertex can dominate at most x vertices from an optimal
solution. Yet, maximality requires that a maximal independent set dominates
all vertices of the graph. Hence, an optimal solution is at most x times bigger
than any maximal solution. =

This can be strengthened using simple local search. Tight analysis was first
given by Hurkens and Schrijver [30], whose article title seemed to obscure its
contents since the results were reproduced in part or full by several groups of
authors [33,42,20,43,7].

Local search is straightforward for problems whose solutions are collections
of items: repeatedly try to extend the solution by eliminating ¢ elements while
adding ¢t 4+ 1 elements. A solution that cannot be further extended by such
improvements is said to be t-optimal. It turns out that 2-optimal solutions,
which are the most efficient and the easiest to analyze, already give considerably
improved approximations.

Theorem 10. Any 2-optimal solution is (k + 1)/2-approzimate.

Proof. Let us argue in terms of independent sets in x + 1-claw free graphs. Let
I be a 2-optimal solution, and let O be any optimal independent set. Partition
O into Oq, those vertices in O that are adjacent to only one vertex in I, and Os,
those vertices in O that are adjacent to two or more vertices in /. Note that each
vertex in [ is adjacent to at most x vertices in O, due to the lack of a kK + 1-claw.
Then, considering the edges between I and O we have that

|O1] + 2|02] < K|I].

Also, since [ is 2-optimal
01| < |11

Adding the two inequalities gives that
2[0] = 2(|01| + |02]) < (s + 1)1,

or that the performance ratio is at most (k +1)/2. =
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Using t-opt we can prove a bound of k/2+¢. On bounded-degree graphs, local
search can be applied with a very large radius while remaining in polynomial
time, and using some additional techniques, Berman, Fiirer, and Fujito [11,10]
obtained the best performance ratios known for small values of A of (A + 3)/5.

Greedy algorithms This leaves |S| as the only parameter left to be studied
for SET PACKING.

A related topic is the Strong Stable Set problem, where we seek an indepen-
dent set in which the vertices are of distance at least two apart. Such a strong
stable set corresponds to a set packing of the set system formed by the closed
vertex neighborhoods in the graph. In this case, C = |S| = n. The question
is then whether this is easier to approximate than the general independent set
problem.

Halldérsson, Kratochvil, and Telle [22] recently gave a simple answer to this
question, using a greedy set packing algorithm that always picks the smallest set
remaining.

Theorem 3 Set Packing can be approximated within \/|S| in time linear in the
mput size.

Proof. Consider the following greedy algorithm. In each step, it chooses a small-
est set and removes from the collection all sets containing elements from the
selected set.

GreedySP(S,C)

t — 0

repeat
t — t + 1
Xy «— C € C of minimum cardinality
Z, —{CeC:XnNnC#D0}

C — C - Zt
until [C| = 0
OUtpUt {Xl, XQ, ey Xt}

Let M = [/|S]]. Observe that {Z1,...,7Z;} forms a partition of C. Let i
be the index of some iteration of the algorithm, i.e. 1 < i < ¢. All sets in Z;
contain at least one element of X;, thus the maximum number of disjoint sets
in Z; is at most the cardinality of X;. On the other hand, every set in Z; is of
size at least X;, so the maximum number of disjoint sets in Z; is also at most
[|S]/|X;]]. Thus, the optimal solution contains at most min(|X;|, ||S]/|X;|]) <
max, min(z, [|S|/z]) = M sets from Z;.

Thus, in total, the optimal solution contains at most tM sets, when the
algorithm finds ¢ sets, for a ratio of at most M. =

Observe that this approximation is near the best possible. Since a graph
contains O(n?) edges, Hastad’s result [27] yields an £2(m!/2~¢) lower bound, for
any € > 0.
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Other greedy algorithms have been studied, especially the one that repeatedly
selects vertices of minimum degree in the graph. It remains, e.g., the driving force
for the best ratio known for sparse graphs, (2d + 3)/5 [26].

7 Summary of results

Table 1 contains a listing of the various ratios that have been proved for heuristics
for the independent set problem, along with known inapproximability results. It
is divided according to graph classes / graph parameter. Results in terms of
other measures of graphs or pairs of measures are not included. The results
hold for unweighted graphs except for the last category. Each entry contains the
ratio proved, the algorithmic strategy used, the complexity of the method, and
a citation.

We have not described the Nemhauser-Trotter reduction [39] that was cham-
pioned by Hochbaum [29], which allows one to assume in many cases without
loss of generality that the maximum weight independent set is of weight at most
half the total weight of the graph. The complexity of this procedure equals the
complexity of finding a minimum cut in a network in the weighted case (O(nm)),
and the complexity of bipartite matching in the unweighted case (O(y/nm)).

Abbreviations: SR = subgraph removal, SDP = semi-definite programming,
NT = Nemhauser-Trotter reduction, MIS = arbitrary maximal independent set.

Complezity: NT refers to the complexity of the Nemhauser-Trotter reduction.
“Linear” means time linear in the size of the graph. n®™) suggests time bounded
by a polynomial of high degree; in the case of the (A + 3)/5 ratio, the degree of
the polynomial appears to be on the order of 2190 [24].

8 Discussion

A number of open issues remain.

General graphs There remains some gap between the best upper and lower
bounds known for general graphs. Stated in terms of “distance from trivial”,
it is the difference between log2 n and n°M). Tt is not as presumptuous now
to conjecture that the ultimate ratio is n/polylog(n) as it was in 1991 [19]. It
may be possible to extend the proof of [27] to argue a stronger lower bound
than n'~¢ if given a stronger assumption, such as SAT not having 2°(™ time
algorithms. (Admittedly, such a task appears less than trivial [28]).

Performance of ¥-function The theta function remains the most promising
candidate for improved approximations. Some of the hopes attached with
it have been dashed. Feige [18] showed that its performance ratio is at

least n/ 20(V1ogn) " Can’t we at least prove something better than the simple
Ramsey-theoretic bound?

High-independence graphs Gaps in bounds on approximability are nowhere
greater than in the case of independent sets in graphs with «(G) = n/k,
for some fixed k > 2. These problems are APX-hard, i.e. hard within some
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| Result | Method | Complexity |Reference
General graphs
O(n/logn) O(nm) [41]
O(n/log*n) SR O(nm) [12]
Nn'") [27]
High-independence graphs (a = n/k)
O(n'~ /=1y SR O(nm) [12]
O(n!'=3/(k+1) SDP SDP [4]
2(1+c¢) [6]
Sparse graphs
d+1 Greedy linear [29], via [16]
(d+2)/2 Greedy linear [26]
(d+1)/2 Greedy + NT NT [29]
(2d 4 4.5)/5 Greedy+SR linear [25]
(2d+3)/5 Greedy + NT NT [26]
Bounded-degree graphs
A MIS linear
A2 Brooks+NT NT [29], via [36]
(A+2)/3 Greedy linear [26]
(A+3)/5 Local search + noW [11,10]
(A+2)/4+€ Local search APA)y [24]
AJ6+0(1) SR O(A%n 4 n?)|[25]
0O(A/loglog A) SR nOW [25], via [1]
O(Aloglog A/log A) |SDP SDP [40], via [32,4]
Q(A%) (3]
Kk + 1-claw-free graphs and Set Packing
K MIS linear
(v + )/2 Local search O(n?) [33,42]
K2+ Local search O(nt°e= /€Y 1[30,20,43]
\/E GreedySP linear [22]
02(k°) [3]
2(ls['-) 27]
Weighted graphs
A2 Brooks+NT NT [29]
[(A+1)/3] Partitioning linear [23], via [35]
(A+2)/3 Partitioning+NT |NT [23]
K Max-weight greedy|O(n?) [29]
k—1+4e€ Local search nC/e) [5,7]
(4x+2)/5 LS + greedy nO ) [13]
O(n(loglogn/logn)?)|SR+Partitioning  |O(n?) [21]

Table 1. Results on approximating independent sets
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constant factor greater than one, but all the upper bounds known are some
roots of n. These problems generalize the case of k-colorable graphs, for
which a similar situation holds. Results of Alon and Kahale [1] indicate that
some root of n is also the best that the theta function will yield in this case.
The limited progress on the more studied k-coloring problem suggests that
this is near best possible.

Vertex cover The preceding item has relevance to the approximability of VER-

TEX COVER, which is the problem of finding a minimum set of vertices S such
that V' — S is an independent set. If VERTEX COVER can be approximated
within less than 1.5, then INDEPENDENT SET in graphs with e = n/3 is con-
stant approximable and GRAPH 3-COLORING is O(logn) approximable, as
first shown by Bar-Yehuda and Moran [9]. This gives support to the conjec-
ture that factor 2 is optimal for VERTEX COVER, within lower order terms
[29].

Bounded-degree graphs It is natural to extrapolate that the improved hard-

ness ratio n'=¢ of [27] indicates that the hardness ratio 2(A€) of [3] for
bounded-degree graphs could be jacked up to 2(A!~°M),

From the upper bound side, it would be nice to extend the o(A) ratios of
[25,10] to hold for all values of A as a function of n. Demange and Paschos
[11] have parametrized the strategy of [25] to give a ratio A/c for every ¢,
that holds for every value of A in time O(n°).

k + 1-claw-free graphs Claw-free graphs appear considerably harder than

bounded-degree graphs. Any improvement to the k/2 4 e ratios would be
most interesting. Observe that a maximum k-set packing is within a factor
K from a minimum hitting set of a collection of sets of size x, but we also do
not have any better ratio than factor x for the latter problem.

In the weighted case, we know that the greedy and the local search strategies
do not improve on k£ —O(1). However, the combination of the two does attain
asymptotically better ratios [13]. We conjecture that selective local search
starting from a greedy solution does attain the unweighted bound of x/2+e.

o(a)-approximations While we do have o(n)-approximations of INDEPENDENT

SET, these methods fail to give us anything beyond the trivial when, say,
a = y/n. While it is probably too much to ask for a w(1)-size independent
set in graphs with « & logn, it is not unfair to ask for, say, a alogn/ log2 Q-
approximation.
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Using Linear Programming in the Design and
Analysis of Approximation Algorithms:
Two Illustrative Problems

David B. Shmoys

Cornell University, Ithaca NY 14853, USA

Abstract. One of the foremost techniques in the design and analysis
of approximation algorithms is to round the optimal solution to a linear
programming relaxation in order to compute a near-optimal solution to
the problem at hand. We shall survey recent work in this vein for two
particular problems: the uncapacitated facility location problem and the
problem of scheduling precedence-constrained jobs on one machine so as
to minimize a weighted average of their completion times.

1 Introduction

One of the most successful techniques in the design and analysis of approxima-
tion algorithms for combinatorial optimization problems has been to first solve
a relaxation of the problem, and then to round the optimal solution to the relax-
ation to obtain a near-optimal solution for the original problem. Although the
relaxation used varies from problem to problem, linear programming relaxations
have provided the basis for approximation algorithms for a wide variety of prob-
lems. Throughout this paper, we shall discuss approximation algorithms, where
a p-approrimation algorithm for an optimization problem is a polynomial-time
algorithm that is guaranteed to find a feasible solution for the problem with
objective function value within a factor of p of optimal.

In this brief survey, we shall discuss recent developments in the design of
approximation algorithms for two specific problems, the uncapacitated facility
location problem, and a rather basic single-machine scheduling problem. In fo-
cusing on just two problems, clearly we are omitting a great deal of important
recent work on a wide cross-section of other problems, but the reader can ob-
tain an accurate indication of the level of activity in this area by considering,
for example, the other papers in this proceedings. For a more comprehensive
review of the use of this approach, the reader is referred to the volume edited
by Hochbaum [16].

We shall consider the following scheduling problem. There are n jobs to be
scheduled on a single machine, where each job j has a specified weight w; and
processing time p;, j = 1,...,n, which we restrict to be positive integers. Fur-
thermore, there is a partial order < that specifies a precedence relation among
the jobs; if j < k then we must find a schedule in which job j completes its pro-
cessing before job k is started. Each job must be processed without interruption,

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 15-32, 1998.
© Springer-Verlag Berlin Heidelberg 1998



16 David B. Shmoys

and the machine can process at most one job at a time. If we let C; denote the
completion time of job j, then we wish to minimize the average weighted comple-
tion time Y7, w;Cj/n, or equivalently, 37, w;C;. In the notation of Graham,
Lawler, Lenstra, & Rinnooy Kan [11], the problem is denoted 1|prec| > w;Cy;
it was shown to be N'P-hard by Lawler [21].

The first non-trivial approximation algorithm for 1|prec| >  w;C}; is due to
Ravi, Agrawal, & Klein [33], who gave an O(lg n lg W)-approximation algorithm,
where W =}, w;. A slightly improved performance guarantee of O(lgn lglg W)
follows from work of Even, Naor, Rao, & Schieber [9]. We shall present a series
of results that give constant approximation algorithms for this problem, where
the resulting algorithms are both simple to state, and simple to analyze.

We shall also consider the uncapacitated facility location problem. In this
problem, there is a set of locations F' at which we may build a facility (such as a
warehouse), where the cost of building at location i is f;, for each i € F'. There
is a set D of client locations (such as stores) that require to be serviced by a
facility, and if a client at location j is assigned to a facility at location 4, a cost
of ¢;; is incurred. All of the data are assumed to be non-negative. The objective
is to determine a set of locations at which to open facilities so as to minimize
the total facility and assignment costs.

Building on results for the set covering problem (due to Johnson [19], Lovéasz
[25], and Chvétal [7]), Hochbaum [15] showed that a simple greedy heuristic is an
O(log n)-approximation algorithm, where n denotes the total number of locations
in the input. Lin & Vitter [24] gave an elegant filtering and rounding technique
that yields an alternate O(log n)-approximation algorithm for this problem. We
shall focus on the metric case of this problem, in which distances between loca-
tions are given in some metric (and hence satisfy the triangle inequality), and
the assignment costs c;; are proportional to the distance between ¢ and j, for
each i € I, j € D. We shall present a series of results that give constant approx-
imation algorithms for this problem, where, once again, the resulting algorithms
are both simple to state, and (relatively) simple to analyze.

2 A simple scheduling problem

We shall present approximation algorithms for the problem of scheduling prec-
edence-constrained jobs on a single machine so as to minimize the average
weighted completion time, 1|prec| > w;C;. Although we will primarily focus on
this one scheduling model, the starting point for the work that we shall survey
is an extremely simple, elegant result of Phillips, Stein, & Wein [29] for a related
problem, in which the jobs are now independent (that is, there are no prece-
dence constraints) but instead each job j has a specified release date r; before
which it may not begin processing, j = 1,...,n; furthermore, they consider the
unit-weight case, or in other words, w; = 1, for each j =1,...,n. This problem
is denoted 1|r;|Y" C; and was shown to be A'P-hard by Lenstra, Rinnooy Kan,
& Brucker [22].
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The algorithm of Phillips, Stein, & Wein [29] is based on a relaxation of
the problem that can be solved in polynomial time. In this case, however, the
relaxation is not a linear program, but instead one motivated in purely scheduling
terms: rather than requiring that each job be processed without interruption,
we allow preemption. That is, the processing of a job may be interrupted to
process another (higher priority) job instead, and then the first job may be
resumed without penalty. This problem, denoted 1|r;, pmitn| > C;, can be solved
(to optimality) by the following simple rule: schedule the jobs in time, and always
process the job with the least remaining processing time (among those already
released).

The approximation algorithm of Phillips, Stein, & Wein works as follows:
solve the preemptive relaxation, and then schedule the jobs in the order in
which they complete in the relaxed solution. It is remarkably straightforward
to show that this is a 2-approximation algorithm. Suppose that the jobs happen
to be indexed in the order in which they complete in the preemptive relax-
ation, and so are processed in the order 1,2,...,n in the heuristically computed
non-preemptive schedule as well. If we consider the schedule produced by the
approximation algorithm, then any idle time in the schedule ends at the release
date of some job k (since that idle time is, in effect, caused by waiting for job
k to be released). Consequently, for each job j, there is no idle time between
maxy—1,..; I and the completion time of job j, C;. This implies that

J
C; < nax i + E Dj.
=1,...,5 1

Let éj denote the completion time of job j in the optimal preemptive sched-
ule; since each job k, & =1,...,7, has completed its processing in the optimal
preemptive schedule by C}, it follows that

rkgékgéj, foreach k=1,...,7,

By the same reasoning, > 7_, px < éj. Hence, C; < 2€j. Furthermore, the value
of the schedule found, Z?:l Cj, is at most twice the preemptive optimum, and
so is at most twice the value of the non-preemptive optimal schedule as well.

For 1|prec| > w;C;, we shall rely on a number of linear programming relax-
ations, but the overall approach will be identical. We will solve the relaxation,
and then use the relaxed solution to compute a (natural) ordering of the jobs
that is feasible with respect to <; this is the schedule computed by the ap-
proximation algorithm. This is not the first scheduling problem for which this
approach has been considered; for example, Munier & Konig [28] have given a
very elegant approximation algorithm where the schedule (for a particular par-
allel machine scheduling problem with communication delays) is derived from
an optimal solution to a linear programming relaxation.

We start by considering a very strong linear programming relaxation, the
non-preemptive time-indexed formulation. In this formulation, which is due to
Dyer & Wolsey [8], we use the variable xj; to indicate whether job j completes
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processing at time ¢, j =1,...,n,t =1,...,T, where T = Z?:l p;. Given these
decision variables, it is easy to represent the objective function:

n T
Minimize Z wj Z teaj. (1)
j=1  t=1

We can constrain the assignments of the decision variables as follows. Each job
must complete at a unique point in time; hence,

T
Zxﬁ:l, j=1,...,n. (2)
t=1

No job j can complete before p;:
x5 =0, ift <pj. (3)
The sum Zi:l z;js = 1 if and only if job j has been completed by time ¢; if

7 <k, we know that job j must complete at least pj time units earlier than job
k, and hence

t t+pr
ijSZZxks, ifj<k, t=1,....,T — ps. (4)
s=1 s=1

Of course, the machine can process at most one job at each time ¢; job j is
processed at time ¢ if it completes at any time within the interval [¢,¢ 4+ p; — 1]:

n t+p;—1
S>> we<i, t=1,...,T. (5)
j=1 s=t

If we wish to give an integer programming formulation of the problem, then
we would require each variable to be either 0 or 1. We shall consider the linear

programming relaxation, in which we require that z;; > 0, j = 1,...,n,t =
1,...,T. For any feasible fractional solution x, we define Uj = Zthl t-x; to be
the fractional completion time of job j, j =1,...,n. If x is an optimal solution

to the linear relaxation, then Z?:l w;C; is a lower bound on the optimal value
for the original problem.

For a given a, 0 < a < 1, and a job 7, j = 1,...,n, we focus on the earliest
point in time that a cumulative a-fraction of job j has been slated to complete:
let the a-point of job j be t;(a) = min{t : Zi:l zjs > a}. The notion of
an a-point was also introduced in the work of Phillips, Stein, & Wein [29], in
a slightly different context. Hall, Shmoys, & Wein [14] proposed the following
algorithm for 1|prec| Y w;C;: schedule the jobs in non-decreasing order of their
a-points. It is easy to see that the constraints (4) ensure that the schedule found
satisfies the precedence constraints.
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The a-point algorithm of Hall, Shmoys, & Wein can be analyzed as follows.
Suppose that the jobs happen to be indexed in non-decreasing a-point order.
Hence, each job j completes at time

Cj = Zpk- (6)
k=1

For each job k, k = 1,...,j, an « fraction of each job k is done by time ¢;(c),
and hence

ay k< tj(a). (7)
k=1

Consider the fractional completion time Uj; one can view the values zj; as
providing a weighted average of the corresponding values t. Since less than a
1 — « fraction of the weight can be placed on values more than 1/(1 — «) times
the average, we see that

tja) <C;/(1 - a). (8)
By combining (6)—(8), we see that each job j completes at time

Cj < Cj/(a(l = a)).

Consequently, we see that the value of the solution found, Z?Zl w;C}, is within
a factor of 1/(ar — a?) of Y"_ w;C;, which is a lower bound on the optimal
value. If we set a = 1/2 (to minimize 1/(a — a?)), we see that we have obtained
a solution of value within a factor of 4 of the optimum.

But is setting @ = 1/2 the best thing to do? Goemans [10] observed that
rather than choosing « once, to optimize the performance guarantee, it makes
more sense to consider, for each input, which choice of o would deliver the best
schedule for that particular input. (Chekuri, Motwani, Natarajan, & Stein [3]
independently suggested an analogous improvement to the algorithm of Phillips,
Stein, & Wein.) The performance of this best-« algorithm can be analyzed by
considering the following randomized algorithm instead: set o = a by choosing
at random within the interval (0,1) according to the probability density function
f(a) = 2a. The same analysis given above implies that we can bound

ElC)] < / (t;(a)/a) f(a)da = 2 / t;(a)da.

If we interpret this integral as the area under the curve defined by the function
t;(a) as a ranges from 0 to 1, then it is easy to see that this integral is precisely
Uj. Thus, the randomized algorithm produces a solution that has expected value
at most twice the optimal value. Furthermore, the algorithm that finds the value
of a for which the a-point algorithm delivers the best solution, the best-a algo-
rithm, is a deterministic algorithm guaranteed to find a solution with objective
function value at most twice the optimal value.
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Of course, none of these algorithms are efficient; that is, it is not known how to
implement them to run in polynomial time, due to the size of the linear programs
that must be solved. Since the size of the linear program can be bounded by a
polynomial in n and T = Zj pj, the a-point algorithm can be shown to run in
pseudo-polynomial time. It is often the case that a pseudo-polynomial algorithm
for a problem can be adapted to run in polynomial time while losing an additional
1 + € factor in accuracy, basically by using only a polynomial number of bits of
accuracy in the input. However, in this case it is not clear how to use to these
well-known techniques.

Instead, Hall, Shmoys, & Wein [14] proposed using a different, more compact,
linear programming relaxation, called an interval-indexed formulation. (This
type of formulation was subsequently used in another context in the journal
version of these results [13].) The key idea behind these constructions is that
the time horizon is subdivided into the intervals [1,1], (1,1+¢€], (1 +¢, (1+¢)?],
(1+€)% (14€)3],..., where € is an arbitrarily small positive constant; the lin-
ear program only specifies the interval in which a job is completed. Since all
completion times within an interval are within a (1 + €) factor of each other, the
relative scheduling within an interval will be of little consequence.

Given this basic idea, it is extremely straightforward to complete all of the
details of this polynomial-sized formulation. The linear programming relaxation
relies on the variables x;¢, which indicate whether job j completes within the
(th interval. There are assignment constraints completely analogous to (2). The
precedence constraints are enforced only to the extent that if j < k, then the
interval in which j finishes is no later than the interval in which % finishes.
To capture the load constraint, we merely require that the total length of jobs
assigned to complete in the interval ((1 + €)1, (1 + €)¢] is at most (1 + €)*.
The analogue of the a-point algorithm is as follows: for each job, compute its a-
interval, and schedule the jobs in order of non-decreasing a-intervals, where the
jobs assigned to the same interval are scheduled in any order that is consistent
with the precedence relation. Thus, Hall, Shmoys, & Wein obtained, for any
fixed € > 0, a 4 4 e-approximation algorithm, and the best-a-point algorithm of
Goemans can be adapted to yield a 2 + e-approximation algorithm.

As it turns out, it is even easier to obtain a 2-approximation algorithm for
this problem by using other compact linear programming relaxations. Schulz
[35] (and subsequently in its journal version [13]) showed how to improve the
earlier work of Hall, Shmoys, & Wein by using a relaxation due to Wolsey [11]
and Queyranne [31]. In this formulation, there is a variable C; for each job j in
N=A{1,...,n}:

Minimize ijCj (9)
j=1
subject to
ijCj > Z DjDks for each S C N, (10)
JES (4,k)eSxS

Cr > Oj + Pk, if j <k. (11)
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If the jobs are independent, and hence there are neither precedence constraints
nor constraints in (11), then Wolsey [41] and Queyranne [31] independently
showed that this linear program provides an exact characterization of the prob-
lem 1] Y~ w;C;: extreme points of this linear program correspond to schedules.
Of course, in the case in which there are precedence constraints, the situation is
quite different, since otherwise P would be equal to N'P.

The most natural approximation algorithm for 1|prec| > w;C; based on this
linear relaxation is as follows: solve the relaxation to obtain a solution Cj, j =
1,...,n, and schedule the jobs so that their LP values are in non-decreasing
order. The analysis of this algorithm is also remarkably simple. Suppose that
the jobs happen to be indexed so that C'; < --- < C,,, and so they are scheduled
by the algorithm in their index order as well. Once again, job j completes at
time Cj = > "7 _, px. If we consider the constraint (10) when S = {1,...,}, then

J

we see that ‘
> S e > (172000 pe)*.

k=1 (k,k')ESXS k=1

k]
=
Ql
>
IV

However, C; (34 _, pk) > >1_, pCy. Hence C; > (3°1_, pr)/2, or equivalently,
C; < 2C;. This proves that the value of the solution found is within a factor of 2
of optimal. However, it is not at all clear that this linear programming relaxation
is sufficiently more compact than the time-indexed one, since it contains an
exponential number of constraints. However, one can solve this linear program
in polynomial time with the ellipsoid algorithm, since it is easy to devise a
polynomial-time algorithm that determines whether a given fractional solution
is feasible, or if not, returns a violated constraint (see Queyranne [31]). Hence,
we have a 2-approximation algorithm.

Potts [30] has proposed yet another linear programming relaxation of the
problem 1|prec| ) w;C;, which is called the linear ordering formulation. In this
formulation, there are variables §;; that indicate whether or not job i is processed
before job j:

n
Minimize E w;C}
j=1

subject to

pj+2?:1pi5ij20j, j=1,...,n;
0ij +d =1, 4,5=1,...,n, i <j;
0ij 0k + 01 <2, 4,5,k=1,....,n, i<j<kori>j>k;
0ij =1, d,j=1,...,n, i<7;
6i; >0, ij=1,...,n, i#j
Schulz [35] has observed that for any feasible solution to this linear program,
the Cj values are feasible for the linear program (9)-(11). Hence, if we solve the

linear ordering formulation to obtain values C;, and then schedule the jobs so
that these values are in non-decreasing order, then we obtain a more efficient
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2-approximation algorithm (since any polynomial-time linear programming al-
gorithm can be used to solve this LP with n? variables and O(n?) constraints).

Chudak & Hochbaum [5] proposed a somewhat weaker linear programming
relaxation, which also uses the variables d;;. In this relaxation, the constraints
that enforce the transitivity of the ordering relaxation, d;; + ;5 + 0 < 2, are
instead replaced with the constraints that dp; < 0p;, whenever ¢ < j, and k
is different from both jobs ¢ and j. Once again, a straightforward calculation
shows that for any feasible solution to this weaker linear program, the C; values
are feasible for the constraints (10) and (11). Consequently, one also obtains
a 2-approximation algorithm by first solving this weaker linear program, and
then using the resulting C; values to order the jobs. The advantage of using
this formulation is as follows: Chudak & Hochbaum also observed that a result
of Hochbaum, Meggido, Naor, & Tamir [17] can be applied to show that there
always exists an optimal solution to this linear program that is half-integral,
i.e., each variable ¢;; is either 0,1/2, or 1; furthermore, an optimal half-integral
solution can be computed by a maximum flow computation. Thus, this approach
yields a 2-approximation algorithm that does not require the solution of a linear
program, but rather only a single maximum flow computation.

Chekuri & Motwani [2] and Margot, Queyranne, & Wang [27] independently
devised another, more combinatorial 2-approximation algorithm for the problem
1lprec] > w;C;. We shall say that a subset S of jobs is an initial set of the
precedence relation < if, for each job k € S, each of its predecessors is also in .5,
or more formally,

(ke Sand j<k)=j€b.

For each subset of jobs S C N, let p(S) =3_.capj/ D jcsWj-

Suppose that we minimize p(S) over all initial subsets to obtain a subset
S*. Chekuri & Motwani and Margot, Queyranne, & Wang proved a remarkable
fact: if S* = N, then any ordering of the jobs that is consistent with < has
objective function value within a factor of 2 of the optimum. The proof of this
fact is amazingly simple. In each feasible schedule, each job j completes by time
> ken Pk, and so the cost of any solution is at most (3,cn Pr)(Openy W) So
we need only show that the optimal value is at least (3, cn Pr) (O pen wr)/2.
Suppose that the jobs happen to be indexed so that job j is the jth job to be
scheduled in an optimal schedule. Then each set {1,...,j} is an initial set, and
hence the completion time of job 7,

i i
Ci=> pp>p(N)Y_ wy.
k=1 k=1

Consequently, we know that

n J

> wiC = p(N) Y Y wiw = p(N)(D_ w;)?/2.
=1 =

=1 k=1

<

Recalling that p(N) = 377, pj/ > 7_, wj, we see that we have obtained the
desired lower bound on the optimal value.
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Of course, there is no reason to believe that N is the initial set S for which
p(S) is minimized. Fortunately, if this is not the case, then we can rely on the
following decomposition result of Sidney [37]: if S* is the initial set S for which
p(S) is minimized, then there exists an optimal solution in which the jobs of S*
precede the jobs of N —S*. This suggests the following recursive 2-approximation
algorithm: find the set S*, and schedule it first in any order consistent with the
precedence relation <, and then recursively apply the algorithm to N — S*, and
concatenate the two schedules found. It is not hard to show that the initial set S*
can be found via a minimum cut (or equivalently, a maximum flow) computation.

For each of the results above, we have presented an algorithm and then
showed that it delivers a solution whose objective function value is within some
constant factor of the optimal value of a linear programming relaxation of the
problem. Such a result not only shows that we have found a good algorithm, but
also implies a guarantee for the quality of the lower bound provided by that linear
program. For each of the linear programs concerned, one might ask whether
these particular algorithms can be improved; that is, might it be possible to
round the optimal fractional solutions in a more effective manner? Unfortunately,
the answer to each of these questions is no. For the time-indexed formulation,
Schulz & Skutella [34] have given instances for which the ratio between the
integer and fractional optima is arbitrarily close to 2. For the linear ordering
formulation, Chekuri & Motwani [2] have given a surprising construction based
on expander graphs for which the ratio of the integer to fractional optimal values
asymptotically approaches 2. Each of these results implies the analogous result
for the linear program (9)—(11), but for this relaxation it is also relatively simple
to construct examples directly. Of course, there might still be other relaxations
that provide stronger lower bounds, and this is an extremely interesting direction
for further research.

3 The uncapacitated facility location problem

The uncapacitated facility location problem is one of the most well-studied prob-
lems in the Operations Research literature, dating back to the work of Balinski
[1], Kuehn & Hamburger [20], Manne [26], and Stollsteimer [38,39] in the early
60’s. We shall focus on one important special case of this problem, where the
locations are embedded in some metric space, and the assignment costs c¢;; are
proportional to the distances between locations; we shall call this the metric
uncapacitated facility location problem.

Although there is little work that has specifically focused on the metric case
of this location problem, for many others, such as the k-center problem (see, e.g.,
[18]) and the k-median problem (see, e.g., [23]) this assumption is prevalent. In
fact, the algorithms of Lin & Vitter [23] contained many of the seeds of the work
that we shall present for the metric uncapacitated facility location problem.

Once again, all of the algorithms that we shall discuss will be based on
rounding an optimal solution to a linear programming relaxation of the problem.
For this problem, the most natural relaxation is as follows. There are two types
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of decision variables z;; and y;, for each i € F, j € D, where each variable y;,
1 € F, indicates whether or not a facility is built at location ¢, and each variable
x;; indicates whether or not the client at location j is assigned to a facility at
location i, for each i € F', j € D:

Minimize Z fiyi + Z Z CijTij (12)

ieF i€F jeD
subject to
inj =1, for each j € D, (13)
ieF
zij < Yi, for eachi € I, j € D, (14)
x5 > 0, foreachi € F, j € D. (15)

Shmoys, Tardos, & Aardal [36] gave a simple algorithm to round an optimal
solution to this linear program to an integer solution of cost at most 3/(1 —e?) ~
3.16 times as much. The algorithm relies on the filtering technique of Lin & Vitter
[21]. We can interpret each fractional solution (z,y) as the following bipartite
graph G(x,y) = (F, D, E): the two sets of nodes are F' and D, and there is an
edge (i,7) € E exactly when x;; > 0.

First, we apply an a-filtering algorithm to convert the optimal fractional
solution to a new one, (Z,y), in which the cost ¢;; associated with each edge
in G(z,y) is relatively cheap. As in the algorithm based on the time-indexed
formulation for the scheduling problem, we first define the notion of an a-point,
¢;j(a), for each location j € D. Focus on a location j € D, and let m be a
permutation such that cr(1); < cr2); < -+ < Crn)j- We then set cjla) = Cr(i*)j>
where i* = min{i’ : Y ! #.;); > a}. To construct (z,7), for each (i,j) €
E(z,y) for which ¢;; > ¢j(a) we set Z;; = 0, and then renormalize by setting
each remaining #;; equal to x;;/a;, where a; = Z( a) Tij- We also

,7)EE: ci;<c;(
renormalize §; = y; /. It is easy to check that (Z,7) is a feasible solution to the
linear program (12)—(15) with the further property that Z;; > 0 = ¢;; < ¢;j(«).
Motivated by this, given values g;, 7 € D, we shall call a solution g-close if
Tij > 0= Cij < gj-

The central element of the rounding algorithm of Shmoys, Tardos, & Aardal
is a polynomial-time algorithm that, given a g-close feasible solution (Z,y) to
(12)—(15), finds a 3g-close integer solution (&, ¢) such that

Zfiﬂz‘ < Z filli.

i€l i€l

The algorithm works as follows. It partitions the graph G(z, ) = (F, D, E) into
clusters, and then, for each cluster, opens one facility that must serve all clients
in it. The clusters are constructed iteratively as follows. Among all clients that
have not already been assigned to a cluster, let j’ be the client j for which g; is
smallest. This cluster consists of j', all neighbors of j' in G(Z, 7), and all of their
neighbors as well (that is, all nodes j such that there exists some ¢ for which
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(i,74) and (4, ') are both in E. Within this cluster, we open the cheapest facility
7/ and use it to serve all clients within this cluster.

We next show that this rounding algorithm has the two claimed properties.
Each client j in the cluster is assigned to a facility 4’ for which there is a path in
G(Z,7) consisting of an edge connecting i’ and j’ (of cost at most g;/), an edge
connecting j' and some node 7 (of cost at most g;/), and an edge connecting ¢ and
Jj (of cost at most g;). Hence, by the triangle inequality, the cost of assigning j to
i’ is at most 2g;s + g;. Since j was chosen as the remaining client with minimum
g-value, it follows that g;; < g;, and so the cost of assigning j to ¢’ is at most
3g;. In other words, the integer solution found is 3g-close.

Consider the first cluster formed, and let j° be the node with minimum g-
value used in forming it. We know that Zi:(m,)eE Z;5 = 1. Since the minimum
of a set of values is never more than a weighted average of them, the cost of the

facility selected
fir < Z Tij fi < Z vifi,
i:(i,j ) EE i(i,j)EE

where the last inequality follows from constraint (14). Observe that, throughout
the execution of the algorithm, each location j € D that has not yet been
assigned to some cluster, has the property that each of its neighbors ¢ must also
remain unassigned. Hence, for each cluster, the cost of its open facility is at most
the cost that the fractional solution assigned to nodes in F' within that cluster.

Hence, in total,

S Fil <> fivi

i€l ieF
Thus, we have argued that the rounding algorithm of Shmoys, Tardos, & Aardal
has the two key properties claimed above.

Suppose that we apply this rounding theorem to an a-filtered solution. What

can we prove about the cost of the resulting integer solution? By the two prop-
erties proved above, we know that the cost of the solution is at most

DS+ DD ety <) [t 3 _3e(@) =) Jwifat3) ).

i€l i€F jED i€l JjED i€F JED
However, exactly analogous to (8), we again know that at most a (1 —«) fraction
of the values in a weighted average can exceed 1/(1 — ) times the average, and

hence
¢j(a) < (O cijay)/(1— ).
ieD
Plugging this bound into the previous inequality, we see that the total cost of
the solution found is at most

max{%, T E a}(z fiyi + Z Z CijTij)-

i€F ieF jeD

If we set o« = 1/4, then we see that the total cost of the solution found is at most
4 times the cost of (x,y), and so by rounding an optimal solution to the linear
relaxation, we obtain a 4-approximation algorithm.
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Once again, we may apply the idea of Goemans [10]; it is foolish to set a once,
rather than choosing the best « for each input. Once again, we will analyze this
best-a algorithm by analyzing a randomized algorithm instead. Let 0 < 3 < 1 be
a parameter to be fixed later. We shall set a = a, where «a is selected uniformly
at random within the interval [3,1]. Once again, we shall rely on the fact that

1 n
/ Cj (a)da = Z CijTij-
0 i=1
The expected cost of the solution found can be upper bounded by

E[% D fwi+3) cjla)] = E[%] S fiwi+3 ) Elej(a))

iceF jeD icF jeD

= (/ ——da Zfzyz (a)da)
B J€D
In(1/0) /
< iYi T — ¢
1-p ZGZFf - 5 Z 0
In(1/3)
= ﬁZflyz ZZCU%J
icF JGD i€F
If we set 3 = 1/e3, then we have obtained the claimed %—approximation

algorithm.

Guha & Khuller [12] proposed the following improvement to the algorithm
of Shmoys, Tardos, & Aardal. A natural way in which to compute a better so-
lution is to perform a post-processing phase in which one iteratively checks if
an additional facility can be opened to reduce the overall cost, and if so, greed-
ily opens the facility that most reduces the total cost. Furthermore, Guha &
Khuller also proposed the following strengthening of the linear programming
relaxation. If one knew the cost ¢ incurred to build facilities in the optimal so-
lution, one could add the constraint that ). . fiy; < ¢. Since we don’t know
this value, we can instead guess this value by setting ¢ equal to (1 + €)¥, for
each k =1,...,log, . > ,cp fi, where € is an arbitrarily small positive constant.
There are only a polynomial number of settings for ¢ that must be considered,
and so, in effect, we may assume that we know the correct ¢ to an arbitrary
number of digits of accuracy. By adding the post-processing phase to the re-
sult of applying the rounding algorithm to the strengthened relaxation, Guha
& Khuller obtain a 2.408-approximation algorithm. Guha & Khuller [12] and
Sviridenko [40] independently showed that this problem is MAXSNP-hard, and
hence there exists some constant p > 1 for which no p-approximation algorithm
exists, unless P = ANP. Guha & Khuller also showed a much stronger result,
that no approximation algorithm can have performance guarantee better than
1.463 (unless NP C DTIM E(nCUcglosn))),

Chudak & Shmoys, independently, obtained a more modest improvement, a
3-approximation algorithm, which relies only on the original linear programming



Design and Analysis of Approximation Algorithms 27

relaxation. The first essential idea in their improvement was the observation that
the filtering step is, in some sense, completely unnecessary for the performance
of the algorithm. This was based on a simple property of the optimal solution
to the linear programming relaxation. Consider the dual to the linear program
(12)—(15):

Maximize Z v; (16)
jeb
subject to
Z wi; < fi, for each i € F,
jeb
vj—wijgcij, foreachieF, jED,
wi; >0 for each i € F, j € D.

This dual can be motivated in the following way. Suppose that we wish to obtain
a lower bound for our input to the uncapacitated facility location problem. If we
reset all fixed costs f; to 0, and solve this input, then clearly we get a (horrible)
lower bound: each client j € D gets assigned to its closest facility at a cost
of min;cr ¢;;. Now suppose we do something a bit less extreme. Each location
1 € F decides on a given cost-sharing of its fixed cost f;. Each location j € D
is allocated a share w;; of the fixed cost; if j is assigned to an open facility at
i, then it must pay an additional fee of w;; (for a total of ¢;; + w;;), but the
explicit fixed cost of ¢ is once again reduced to 0. Of course, we insist that each
wi; > 0, and ZjeD wi; < f; for each ¢ € F'. But this is still an easy input to
solve: each j € D incurs a cost v; = min;ep(c;; + w;;), and the lower bound is
> jep Vj- Of course, we want to allocate the shares so as to maximize this lower
bound, and this maximization problem is precisely the LP dual.

Consider a pair of primal and dual optimal solutions: (z,y) and (v, w). Com-
plementary slackness implies that if x;; > 0, then the corresponding dual con-
straint is satisfied with equality. That is, v; — w;; = ¢;5, and since w;; > 0, we
see that ¢;; < vj; in other words, (z,y) is already v-close. Hence, if we apply the
rounding algorithm of Shmoys, Tardos, & Aardal (without filtering first, and so
g; = v;), we find a solution of cost at most

D fyitY 3v; =Y fyit300_fuwity Y ciiwi) A _fyit Y Y ciitis),

S JjeED i€l i€l ieF jeD el ieF jeD

where the first equality follows from the fact that the optimal solutions to the
primal and the dual linear programs have equal objective function values.

The second key idea in the improvement of Chudak & Shmoys was the use of
randomized rounding in the facility selection step. Randomized rounding is an
elegant technique introduced by Raghavan & Thompson [32], in which a feasible
solution to a linear programming relaxation of a 0—1 integer program is rounded
to an integer solution by interpreting the fractions as probabilities, and setting
each variable to 1 with the corresponding probability. Sviridenko [10] proposed
a simple randomized rounding approximation algorithm for the special case of
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the metric uncapacitated facility location problem in which each ¢;; € {1,2}. In
the deterministic algorithm presented above, the cheapest facility in each cluster
was opened. Instead, if the cluster is “centered” at j’, one can open facility i
with probability x;;. This does not really change the previous analysis, since
the expected cost of the facilities selected is at most ), fiys, and the bound
on the assignment costs was independent of the choice of the facility opened in
each cluster.

The final idea used to obtain the improved performance guarantee is as fol-
lows: rather than select the next center by finding the remaining client for which
vj is minimum (since g; = v, in the version without filtering), select the client
for which vj 4+ . p cijxi; is minimum. This enters into the analysis in the fol-
lowing way. For each client j in the cluster “centered” at j’, its assignment cost is
bounded by the cost of an edge (¢, 7) (of cost at most v;), an edge (7, j') (of cost
at most v,/ ), and the edge (7',7’). The last of these costs is a random variable,
and so we can focus on its expected value. Since j’ chooses to open each facility 4
with probability 2;;/, the expected cost of the edge (', j') is exactly ), p cijr iy .
Thus, the expected cost of assigning j to i’ is at most v; + vy + >, p Cijr @iy
By our modified selection rule, this expectation is at most 2v; + ), p CijTij,
and hence the expected total cost of the solution is at most

D 20+ >0 i+ Y fivi,

j€D jeDieF icF
which is exactly equal to three times the optimal value of the linear programming
relaxation.

The analogous deterministic algorithm is quite natural. Before, we merely
chose the cheapest facility in each cluster. However, by choosing a facility, we
also affect the assignment cost of each client in that cluster. Thus, if choose
the facility that minimizes the total cost for that cluster, then we achieve a
deterministic 3-approximation algorithm.

However, this is not the best possible analysis of this randomized algo-
rithm. Subsequently, Chudak [1] and Chudak & Shmoys [6] have improved this
bound to show that (essentially) this randomized algorithm leads to a (1+2/e)-
approximation algorithm. We shall modify the algorithm in the following way.
For each location ¢ € F, there is some probability p; with which it has been
opened by this algorithm. (For most locations, it is equal to some value w;;/
when facility location i belongs to a cluster “centered” at j’, but some locations
i might not belong to any cluster.) In the modified algorithm, we also have in-
dependent events that open each facility ¢ with probability y; — p;. In fact, we
can simplify some of this discussion by making the following further assump-
tion about the optimal solution (x,y) to the linear program (12)—(15): for each
x5 > 0, it follows that x;; = y;. We shall say that such a solution is complete.
This assumption can be made without loss of generality, since it is not hard
to show that for any input, there is an equivalent input for which the optimal
fractional solution is complete.

For the algorithms above, we have indicated that each client is assigned to
the facility that has been opened in its cluster. In fact, there is no need to make
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this assumption about the assignments, since we may simply assign each client
to its cheapest open facility. Given this, the key insight to the improved analysis
is as follows. Consider some client j (which is not the center of its cluster). We
have shown that its assignment cost is at most 3v; (for the 4-approximation
algorithm, and a somewhat better bound for the 3-approximation algorithm).
However, the randomized algorithm might very well open one of j’s neighbors
in G(z,y). In that case, clearly we can obtain a much better bound on the
assignment cost incurred for client j. In fact, one can show that the probability
that a facility has been opened at least one of j’s neighbors is at least (1—1/e),
and this is the basic insight that leads to the improved analysis.

Although the complete analysis of this algorithm is beyond the scope of
this survey, we will outline its main ideas. The improvement in the bound is
solely due to the fact that we can bound the expected assignment cost for each
client j by >, pcijzij + (2/e)v;. In fact, we will only sketch the proof that this
expectation is at most ) ;. ¢i;xi; + (3/e)v;, and will use as a starting point,
the original clustering algorithm in which the next client selected is the one for
which v; is smallest (rather than the modified one in which selection was based
on ’Uj + ZiEF cijxij).

Suppose that the neighbors of client j in G(x,y) happen to be nodes 1,...,d,
where ¢1; < .-+ < ¢g;. Thus, Z?Zl Ty = Z?:l y; = 1. We can bound the ex-
pected assignment cost for j, by considering nodes i = 1, ..., d in turn, assigning
j to the first of these that has been opened, and if none of these facilities have
been opened, then assigning j to the “back-up” facility i that has surely been
opened in its cluster. If opening neighboring facilities ¢ = 1,...,d were indepen-
dent events, then a simple upper bound on the expected assignment cost for j
is

yicr; + (1 —y)yecoj +- -+ (L —y1) - (1 —ya—1)yacaj + (1 —y1) - (1 — ya)3v;,

which is clearly at most Z?Zl CijYi+3v; H?Zl (1—y;). The Taylor series expansion
of e™" implies that 1 — r < e~ ". Using this fact, and the assumption that the
optimal LP solution (x,y) is complete, we see that the expected assignment cost
for j is at most >, cijwij + (3/e)v;.

However, opening the neighboring facilities ¢ = 1, ..., d are not independent
events: for instance, if two of these neighbors are in the same cluster, then only
one of them can be opened. The next question is: can the conditioning between
these events be harmful? Fortunately, the answer is no, and it is fairly intuitive to
see why this is the case. If it happens that none of the first k£ neighbors of j have
not been opened, this only makes it more likely that the next cheapest facility
is, in fact, open. A precise analysis of this situation can be given, and so one can
prove that the expected assignment cost for j is at most D, cijzi5 + (3/e)v;
(without relying on unsupportable assuptions).

These randomized approximation algorithms can each be derandomized, by
a straightforward application of the method of conditional probabilities. Thus,
if we return to the selection rule in which the next cluster is “centered” at the
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remaining client j for which v; + 3,5 ¢ij@;; is minimized, then this derandom-
ization leads to a (1 + 2/e)-approximation algorithm.

For the uncapacitated facility location problem, the natural questions for
further research are even more tantalizing than for the scheduling problem dis-
cussed in the previous section. It is not known that the analysis of the algorithm
of Chudak & Shmoys is tight (and in fact, we suspect that it is not tight). Guha
& Khuller [12] have given an input for which the ratio between the optimal
integer and fractional optima is at least 1.463, but this still leaves some room
between that and the upper bound of 14 2/e &~ 1.736 implied by the last al-
gorithm. Furthermore, there are well-known ways to construct stronger linear
programming relaxations for this problem, and it would be very interesting to
use them to prove stronger performance guarantees.
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Abstract. We will survey recent approximation algorithms for the met-
ric Steiner tree problem and its generalization, the Steiner network prob-
lem. We will also discuss the bidirected cut relaxation for the metric
Steiner tree problem.

1 Introduction

The Steiner tree problem occupies a central place in the emerging theory of
approximation algorithms — methods devised to attack it have led to fundamental
paradigms for the rest of the area. The reason for interest in this problem lies not
only its rich mathematical structure, but also because it has arisen repeatedly
in diverse application areas.

In the last couple of years, some nice algorithmic results have been obtained
for this problem and its generalizations. Let us mention three that especially
stand out: Arora’s polynomial time approximation scheme [2] for the Euclidean
Steiner tree problem, Promel and Steger’s [18] factor % + € approximation algo-
rithm, for any constant e > 0, for the metric Steiner tree problem, and Jain’s [12]
factor 2 approximation algorithm for the Steiner network problem. Even though
the Euclidean Steiner tree problem now seems fairly well understood (see also
Du and Huang’s [5] remarkable proof resolving the Gilbert-Pollack conjecture),
it is clear that there are vast gaps in our understanding of the metric Steiner
tree problem and its variants and generalizations.

In this survey, we will restrict attention to the metric case, and will first
outline the ideas behind the algorithms of Promel and Steger, and Jain. Then,
we will mention what is perhaps the most compelling open problem in this area:
to design an algorithm using the bidirected cut relaxation for the metric Steiner
tree problem, and determine the integrality gap of this relaxation.

2 Steiner trees via matroid parity

The metric Steiner tree problem is: Given a graph G = (V, E) whose vertices
are partitioned into two sets, R and S, the required and Steiner vertices, and
a function cost : E — QT specifying non-negative costs for the edges, find a
minimum cost tree containing all the required vertices and any subset of the
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Steiner vertices. It is easy to see that we can assume without loss of generality
that the edge costs satisfy the triangle inequality.

Let us say that a Steiner tree is 3-restricted if every Steiner vertex used in
this tree has exactly three neighbors all of which are required vertices. Zelikovsky
[21] showed that the cost of an optimal 3-restricted Steiner tree is within 5/3 of
the cost of an optimal Steiner tree. Promel and Steger have shown how to find a
3-restricted Steiner tree that is within a 1+ € factor of an optimal such tree, for
any ¢ > 0. This gives a 5/3 + ¢ factor approximation algorithm for the metric
Steiner tree problem, for any € > 0.

A hypergraph H = (V, F) is a generalization of a graph, allowing F' to be an
arbitrary family of subsets of V', instead of just 2 element subsets. A sequence of
distinct vertices and hyperedges, v, e1, ..., v, e, for I > 2 is said to be a cycle in
Hifv; € eNeand for 2 <i <1l v; € ¢;_1Ne;. A subgraph of H, H = (V, F'),
with F/ C F is said to be a spanning tree of H if it is connected, acyclic and
spans all vertices of V. Hypergraph H is said to be 3-regular if every hyperedge
in F consists of 3 vertices.

Consider an instance G of the metric Steiner tree problem. For a set of three
required vertices and a single Steiner vertex, define their connection cost to be
sum of the costs of the three edges connecting the Steiner vertex to each of
the three required vertices. Now, define a hypergraph H = (R, F') on the set
of required vertices of G with edge costs as follows: F' contains all edges of
G incident at required vertices with their specified costs. In addition, for each
triple of required vertices, F' has a hyperedge on these vertices; the cost of this
hyperedge is the minimum connection cost of these three vertices using some
Steiner vertex.

Lemma 1. A minimum cost spanning tree in H corresponds to an optimal 3-
restricted Steiner tree in G.

Lemma 2. The problem of finding a minimum cost spanning tree in H can be
reduced to that of finding a minimum cost spanning tree in a 3-reqular hypergraph.

The key step in Promel and Steger’s result is:

Lemma 3. The problem of finding a minimum cost spanning tree in a 3-reqular
hypergraph can be reduced to the minimum weight matroid parity problem.

Let us sketch the reduction in Lemma 3. Let H = (V, F) be a 3-regular
hypergraph. A new graph H’ on vertex set V is constructed as follows: corre-
sponding to each hyperedge {v1,v2,v3} € F, we add the edge pair (v1,v2) and
(v1,v3) to H' (the choice of vy is arbitrary). The cost of this pair is the same
as that of the hyperedge. We will consider the graphic matriod in H'. It is easy
to verify that a solution to the minimum weight matroid parity problem on this
instance gives a minimum cost spanning tree in f1.

Interestingly enough, determining the complexity of minimum weight ma-
troid parity is still open, even though the cardinality version of this problem is
known to be in P[15]. However, if the weights are given in unary, a random poly-
nomial time algorithm is known [16] (see also [1]). Now, by scaling the original
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weights appropriately, we get a 1 + € factor algorithm for the minimum weight
3-restricted Steiner tree problem. The approximation algorithm for the metric
Steiner tree problem follows.

For other algorithms for this problem see [3,13]. An algorithm achieving a
slightly better approximation factor of 1.644 appears in [14]. However, it is too
involved in its current form for this survey; moreover, to beat the factor of 5/3,
it takes time exceeding O(n?°).

3 Steiner networks via LP-rounding

The Steiner network problem generalizes the metric Steiner tree problem to
higher connectivity requirements: Given a graph G = (V, E), a cost function
on edges ¢ : E — QT (not necessarily satisfying the triangle inequality), and a
connectivity requirement function r mapping unordered pairs of vertices to Z™
find a minimum cost graph that has r(u,v) edge disjoint paths for each pair of
vetices u, v € V. Multiple number of copies of any edge can be used to construct
this graph; each copy of edge e will cost ¢(e). For this purpose, for each edge
e € E, we are also specified u. € ZT U {00} stating an upper bound on the
number of copies of edge e we are allowed to use; if u, = oo, then there is no
bound on the number of copies of edge e.

All LP-duality based approximation algorithms for the metric Steiner tree
problem and its generalizations work with the undirected relazation [1,9,10,20].
In order to give the integer programming formulation on which this relaxation
is based, we will define a cut requirement function f : 2¥ — Z*. For S C V,
f(S) is defined to be the largest connectivity requirement separated by the cut
(S,9), i.e., f(S) = max{r(u,v)|u € S and v € S}. Let us denote the set of edges
in the cut (9, 5) by §(9). The integer program has a variable z. for each edge e:

minimize Z Cele (1)
eclE

subject to Z ze > f(S), SCV
e: e€d(S)
xe€Z+, e€ F and u, = 00
z. €{0,1,...,u.}, e€FE andu,# o0

The LP-relaxation is:

minimize Z Cele (2)
ecE
subject to Z xe > f(S), SCV
e: e€d(S)
Te > 0, e € F and u, = 00
Ue > Te > 0, e € E and u, # o
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Figure 1. An extreme optimal solution for the Petersen graph.

Certain NP-hard problems, such a vertex cover [17] and node multiway cut [7]
admit LP-relaxations having the remarkable property that they always have a
half-integral optimal solution. Clearly, rounding up all halves to 1 in such a
solution leads to a factor 2 approximation algorithm. Does the relaxation (2)
have this property? The answer is “No”. Not surprisingly, the Petersen graph is
a counter-example: Consider the minimum spanning tree problem on this graph,
i.e., for each pair of vertices u,v, r(u,v) = 1. Each edge is of unit cost. Since
the Petersen graph is 3-edge connected (in fact, it is 3-vertex connected as well),
x. = 1/3 for each edge e is a feasible solution. Moreover, this solution is optimal,
since the degree of each vertex under this solution is 1, the minimum needed to
allow the connectivity required. The cost of this solution is 5. A half integral
solution of cost 5 would have to pick, to the extent of half each, the edges of a
Hamiltonian cycle. Since the Petersen graph has no Hamiltonian cycles, there is
no half integral optimal solution.

Let us say that an extreme solution, also called a vertex solution or a basic
feasible solution, for an LP is a feasible solution that cannot be written as the
convex combination of two feasible solutions. It turns out that the solution,
x. = 1/3 for each edge e, is not an extreme solution. An extreme solution is
shown in Figure 1; thick edges are picked to the extent of 1/2, thin edges to the
extent of 1/4, and the missing edge is not picked. The isomorphism group of
the Petersen graph is edge-transitive, and so there are several related extreme
solutions; the solution x, = 1/3 for each edge e is a suitable convex combination
of these. Notice that although the extreme solution is not half-integral, it picks
some edges to the extent of half.
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Jain’s algorithm is based on proving that in fact an extreme solution to LP (2)
must pick at least one edge to the extent of at least a half. We will pay a factor
of at most 2 in rounding up all such edges. But now how do we proceed? Let us
start by computing the residual cut requirement function. Suppose H is the set
of edges picked so far. Then, the residual requirement of cut (5, S) is

f1(8) = max{f(S) — 6u(S)],0},

where 617 (S) represents the set of edges of H crossing the cut (S,5). In general,
the residual cut requirement function, f’, may not correspond to the cut require-
ment function for a certain set of connectivity requirements. We will need the
following definitions to characterize it:

Definition 4. Function f : 2V — Z7T is said to be submodular if f(V) = 0,
and for every two sets A, B C V', the following two conditions hold:

1. f(A)+ f(B) = f(A-B)+ f(B—A).
2. f(A)+ f(B)> f(ANnB)+ f(AU B).

Lemma 5. For any graph G on vertex set V', the function |dc(.)| is submodular.

Definition 6. Function f : 2V — Z7 is said to be weakly supermodular if
f(V) =0, and for every two sets A, B C 'V, at least one the following conditions
holds:

— f(A)+f(B) < f(A=B)+ f(B—A)
— f(A)+f(B) < f(ANB) + f(AUB)

The following is an easy consequence of the definitions:

Lemma 7. Let H be a subgraph of G. If f : 2V () — ZT is a weakly supermod-
ular function, then so is the residual cut requirement function f”.

It is easy to see that the original cut requirement function is weakly super-
modular; by Lemma 7, so is the residual cut requirement function. Henceforth,
we will assume that the function f used in LP (2) is a weakly supermodular
function. We can now state the central polyhedral fact proved by Jain in its full
generality. This will enable us to design an iterative algorithm for the Steiner
network problem.

Theorem 8. Any extreme solution to LP (2) picks some edge e to the extent of
at least a half, i.e., x. > 1/2.

The algorithm that we started to design above can now be completed: in
each iteration, round up all edges picked to the extent of at least a half in an
extreme optimal solution, and update the residual cut requirement function.
The algorithm halts when the original cut requirement function is completely
satisfied, i.e., the residual cut requirement function is identically zero. Using
a max-flow subroutine, one can obtain a separation oracle for LP (2) for any
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residual cut requirement function f, and so an extreme optimal solution can be
computed in polynomial time.

Let us sketch how Theorem 8 is proven. From polyhedral combinatorics we
know that a feasible solution to a set of linear inequalities in R™ is an extreme
solution iff it satisfies m linearly independent inequalities with equality. W.l.o.g.
we can assume that in any optimal solution to LP (2), for each edge e, 0 <
xe < 1 (since edges with z. = 0 can be dropped from the graph, and those with
ze = 1 can be permanently picked and the cut requirement function updated
accordingly). So, the tight inequalities of an extreme optimal solution to LP (2)
must correspond to cut requirements of sets.

Theorem 9. Corresponding to any extreme solution to LP (2) there is a col-
lection of m linearly independent tight sets that form a laminar family.

The extreme optimal solution shown in Figure 1 uses 14 edges; we have shown
a collection of 14 sets as required by Theorem 9.

Finally, a counting argument establishes Lemma 10, which leads to Theo-
rem 8.

Lemma 10. For any extreme solution to LP (2) there is a tight set S with
exactly two edge in the cut (S,S).

The integrality gap of a relaxation is the supremum of the ratio of costs of
optimal integral and optimal fractional solutions. Its importance lies in the fact
that it limits the approximation factor that an algorithm using this relaxation
can achieve. As a consequence of the factor 2 approximation algorithm for the
Steiner network problem, we also get that the integrality gap of the undirected
relaxation is 2.

Previously, algorithms achieving guarantees of 2k [20] and 2H}, [10], where k
is the largest requirement, were obtained for this problem.

4 The bidirected cut relaxation

The metric Steiner tree problem is a special case of the Steiner network problem
in which all requirements are 0 or 1. The further restriction, when all vertices
are required, is the minimum spanning tree problem, which is polynomial time
solvable. It turns out that the integrality gap of the undirected relaxation, LP 2,
is essentially 2 even for restriction. To prove a lower bound of 2 — % on the
integrality gap, consider a cycle on n vertices, with all edges of unit cost. The
optimal integral solution to the minimum spanning tree problem on this graph
is to pick n — 1 edges for a cost of n — 1, but an optimal fractional solution picks
each edge to the extent of a half, for a total cost of n/2.

Thus, the undirected relaxation has an integrality gap of 2 not only for as
general a problem as the Steiner network problem, but also for the minimum
spanning tree problem, a problem in P! Two fundamental questions arise:

— Is there an exact relaxation, i.e., with integrality gap 1, for the minimum
spanning tree problem?



The Steiner Tree Problem and its Generalizations 39

— Is there a tighter relaxation for the metric Steiner tree problem?

The two questions appear to be intimately related: The answer to the first ques-
tion is “Yes”. This goes back to the seminal work of Edmonds [0], giving a
primal-dual schema based polynomial time algorithm for the even more general
problem of finding a minimum branching in a directed graph.

A similar idea gives a remarkable relaxation for the metric Steiner tree prob-
lem: the bidirected cut relaxation. This relaxation is conjectured to have integral-
ity gap close to 1; the worst example known, due to Goemans [8], has integrality
gap of 8/7. However, despite the fact that this relaxation has been known for
decades, no algorithms have been designed using it, and the only upper bound
known on its integrality gap is the trivial bound of factor 2 which follows from
the undirected relaxation. Recently, [19] have given a primal-dual schema based
factor 3/2 approximation algorithm using this relaxation for the special class of
quasi-bipartite graphs; a graph is quasi-bipartite if it contains no edges between
two Steiner vertices.

We present below the bidirected cut relaxation, and leave the open problem
of designing an approximation algorithm beating factor 2 using it.

4.1 The bidirected cut relaxation

First replace each undirected edge (u,v) of G by two directed edges (u — v) and
(v — u) each of cost cost(u,v). Denote the graph so obtained by G = (V, E).
Pick an arbitrary vertex r € R and designate it to be the root. W.r.t. the choice
of aroot, a set C' C V will be called a valid set if C' contains at least one required
vertex and C contains the root. The following integer program is trying to pick
a minimum cost collection of edges from E in such a way that each valid set has
at least one out-edge. It is easy to see that an optimal solution to this program
will be a minimum cost Steiner tree directed into 7.

minimize Z cost(e)ze (3)

subject to Z re > 1, V valid set C'
e: e€d(C)
ze € {0,1}, Vee E

The LP-relaxation of this integer program is called the bidirected cut re-
laxation for the metric Steiner tree problem. (Notice that there is no need to
explicitly add the costraints upper-bounding variables z..)

minimize Z cost(e)ze (4)

subject to Z Te > 1, ¥V wvalid set C'

Te > 0, Vee E
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It is easy to verify that the choice of the root does not affect the cost of the

optimal solution to the IP or the LP. As usual, the dual is seeking a maximum
cut packing.
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Abstract. We consider the problem of assigning a set of jobs to m par-
allel related machines so as to maximize the minimum load over the
machines. This situation corresponds to a case that a system which con-
sists of the m machines is alive (i.e. productive) only when all machines
are alive, and the system should be maintained alive as long as possible.
The above problem is called related machines covering problem and is dif-
ferent from the related machines scheduling problem in which the goal is
to minimize the maximum load. Our main result is a polynomial approx-
imation scheme for this covering problem. To the best of our knowledge
the previous best approximation algorithm has a performance ratio of 2.
Also, an approximation scheme for the special case of identical machines
was given by [14].

Some of our techniques are built on ideas of Hochbaum and Shmoys
[12]. They provided an approximation scheme for the well known related
machines scheduling. In fact, our algorithm can be adapted to provide
a simpler approximation scheme for the related machines scheduling as
well.

1 Introduction

We consider the problem of assigning a set of jobs to m parallel related ma-
chines so as to maximize the minimum load over the machines. This situation is
motivated by the following scenario. A system which consists of m related ma-
chines is alive (i.e. productive) only when all machines are alive. The duration
that a machine is alive is proportional to the total size of the resources (e.g.
tanks of fuel) allocated to it. The goal is to keep the system alive as long as
possible using a set of various sizes resources. The above problem has applica-
tions also in sequencing of maintenance actions for modular gas turbine aircraft
engines [8]. To conform with the standard scheduling terminology we view the
resources as jobs. Thus, jobs are assigned to machines so as to maximize the
minimum load. In the related machines case each machine has its own speed
(of the engine that operates on fuel). The identical machines case is a special
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States-Israel Binational Science Foundation (BSF).

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 39-47, 1998.
© Springer-Verlag Berlin Heidelberg 1998



40 Yossi Azar and Leah Epstein

case where all speeds of machines are identical. We refer to these problems as
machines covering problems. Note that the classical scheduling/load-balancing
problems [10,11,12,13] seem strongly related to the covering problems. However,
scheduling/load-balancing are packing problems and hence their goal is to mini-
mize the makespan (i.e. to minimize the maximum load over all machines) where
in the covering problems the goal is to maximize the minimum.

Our results: Our main result is polynomial approximation scheme for the
covering problem in the related machines case. That is for any € > 0 there is a
polynomial time algorithm A. that approximates the optimal solution up to a
factor of 1+e¢. In fact, since the problem is strongly NP hard no fully polynomial
approximation scheme exists unless P=NP. Some of our techniques are built on
ideas of Hochbaum and Shmoys [12]. They provided an approximation scheme
for the well known related machines scheduling. In fact, our algorithm can be
adapted to provide a simpler approximation scheme for the related machines
scheduling as well.

Known results: The problem of maximizing the load of the least loaded
machine, (i.e the machines covering problem) is known to be NP-complete in
the strong sense already for identical machines [9]. For the identical machines
case Deuermeyer, Friesen and Langston [7] studied the LPT-heuristic. The LPT-
heuristic orders the jobs by non increasing weights and assigns each job to the
least loaded machine at the current moment. It is shown in [7] that the approxi-
mation ratio of this heuristic is at most %. The tight ratio é%:f is given by Csirik,
Kellerer and Woeginger [5]. Finally, Woeginger [14] designed a polynomial time
approximation scheme for the identical machines covering problem.

The history for the related machines covering problem is much shorter. The
only result which is known for the related machines case is the 2 + ¢ approxi-
mation algorithm follows from [4]. The above paper also contains results for the
on-line machines covering problems.

Definitions: We give a formal definition of the problems discussed above.
Consider a set of m identical machines and a set of jobs. Machine ¢ has a speed
v; and a job j has a weight w;. The load of a machine 7 is the sum of the weights
of the jobs assigned to it normalized by the speed. That is, ¢; = ZjeJi 15—1]
where J; is the of jobs assigned to machine 4. (The identical machines case is the
special case where all v; are equal.) The goal in the machines covering problems
is to assign the jobs to the machines so as to maximize the minimum load over
the machines. This is in contrast to the scheduling/load-balancing problems
where the goal there is to minimize the maximum load. Note that these covering
problems are also different from the bin covering problems [1,2,3,6] where the
goal is to maximize the number of covered bins, i.e. bins of load of at least 1.

2 Approximation scheme for machine covering

We use a standard binary search technique to search for the value of the optimal
cover. By this we reduce the approximation algorithm to the following approxi-
mate decision problem. Given a value T for the algorithm, the decision procedure
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outputs an assignment of value at least (1 — )T, or answers that there does not
exist an assignment of value at least T'. We start the binary search with an ini-
tial estimation of the value of the optimal cover using the (2 4 ¢)-approximation
algorithm given in [4]. Clearly, the overall complexity of the approximation al-
gorithm is just O(log1/e) times the complexity of the decision procedure (the
initial estimation algorithm is fast).

We note that the decision procedure is equivalent to decide if one can fill the
m bins such that bin i is filled by at least (1 — £)T'v;. We scale the sizes of bins
and the weights of jobs, so that the size of the smallest bin is 1. Now we have a set
of n jobs, and a set of m bins of sizes s1, 9, ..., Sy, Where 1 = 51 < 59 < ... < 8y

Bin ranges: We partition the bins according to their sizes into sets B,,
where the bin range set B, is the set of all bins of size 2" < s5; < 2T+1 Let R =
{r| B, ;é @}, clearly |R| < m. We choose ¢¢ to be a value such that {5 <eo < §
and —0 is an integer. We denote &, = 2"¢eq, §p = 60 and 6, = 274g. For each bin
range B, the jobs are partitioned into three sets.

— Big jobs: jobs of weight more than 271,
— Medium jobs: jobs of weight w;: &, < w; < 271
— Small jobs: jobs of weight at most .

Jobs vectors: For each B, we can approximate a set of jobs by a jobs
vector (y,ni,ne,...,n;, W) where y is the number of big jobs, ny is the number
of (medium) jobs whose size is between ¢;_1 and t; where t;, = ¢, + kd, and
W is the total weight of Small jobs in the set. Clearly [, the number of types of
medium jobs, is at most 3 — 510 <3 2 We refer to the values of ¢, as rounded
weights. Note that the JObS vector for a given set of jobs depends on the bin
range.

Cover vectors: Let B, be the bin range of bin j. A cover vector for bin
j has the same form as the jobs vector except the last coordinate which is an
integer that corresponds to the weight of small jobs normalized by ,.. A vector
(y,n1,ne,...,n,q) is a cover vector for bin j if

l

2ty 5" ity + ger > 55— e = 55(1 — o)
k=1

i.e., the sum of the rounded weights of the jobs in the vector is at least 1 — ¢
fraction of s;.

Let T} be the set of cover vectors for a bin j. Let T; be the set of minimal
cover vectors with respect to inclusion i.e. a cover vector u is in T} if for any
other cover vector for bin j, u’ the vector v — u’ has at least one negative
coordinate. Since the minimum weight of a job is 92" and the size of the bin
is at most 2"*! then any minimal cover vector consists of at most % jobs (sum
of coordinates). Clearly, we may use only minimal vector covers since any cover
can be transformed to a minimal one by omitting some jobs.

The layer graph: We use a layer graph where each node of the graph is
state vector which is in a form of a cover vector. We order the bins in non
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decreasing size order. The layers of the graph are partitioned into phases. There
are |R| phases, a phase for each » € R. Let b, = |B,| for r € R and b, = 0
otherwise. Phase r consists of b, + 1 layers L, o, ..., Lp,. The nodes of L, ; are
all admissible state vectors of B,. We put an edge between a node 2’ in L, ;_1,
and a node z in L, ; if the difference v/ = 2’ — 2 is a minimal cover vector of
bin j.

Layer L, ; corresponds to jobs that remained after the first j = E;;Ol b+
bins were covered. More specifically, if there is a path from Lg o to a state vector
in L, ; then there is a cover of the first j bins, where bin k£ < j is covered with
sk(1 —gg), such that the remaining jobs has jobs vector which is identical to the
state vector except of the last coordinate. The last coordinate of the jobs vector,
W, satisfies qe, < (W + 2¢,)(1 + &9) where ¢ is the last coordinate of the state
vector. Moreover, if there is a cover of the first j bins, bin £ < j with s such
that the remaining jobs set defines some jobs vector then there a path from the
first layer to the node in layer L,; whose state vector is identical to the jobs
vector except of the last coordinate. The last coordinate of the state vector, g,
satisfies W < qe, where W is the last coordinate of the jobs vector.

The translating edges between phases: The edges between phases
"translate” each state vector into a state vector of the next phase. These edges
are not used to cover bins, but to move from one phase to another. There is only
one outgoing edge from each node in a last layer of any phase (except the last
one which has no outgoing edges). More specifically, for each phase r, any node
in L,p, translates by an edge into a node in L, o where r’ > r is the index of
the next phase.

We consider a state vector in L, (an input vector). We construct a cor-
responding state vector in layer L, o (an output vector) which results in an
edge between them. We start with an empty output state vector. We scan the
input state vector. To build the output vector we need to know how jobs change
their status. Since the bins become larger, the small jobs remain small. Medium
jobs may either become small, or stay medium. Big jobs can stay big, or become
medium or small.

First we consider the number of big items y in the input vector. Note that
all big jobs could be used to cover previous bins. Thus we may assume that the
smallest big jobs were used, and the y big jobs that remained are the largest y
jobs in the original set. Let y; be the number of big jobs in the input vector that
are also big in B,, yo the number of jobs that are medium in B, and y3 the
number of jobs that are small in B,..

A medium job in phase B, becomes small in B, if its rounded weight ¢; is at
most €,. In phase B, the rounded weight of a job of weight ¢, is exactly €, since
(27" —1)/eg is integer, and e, = 2" gy = 2"gg + ((2" " — 1) /g - 2"€2). Thus
all medium jobs with k < (2T/_T — 1)/e¢ become small, and all other medium
jobs remain medium.

The coordinates of the output vector: The big job coordinate in the
output vector would be y;, since no medium or small jobs could become big.
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Now we deal with all the jobs which became small in the output, i.e. the ys
big jobs together with the medium input jobs that became small output jobs
and all the small jobs which must remain small in the output. To build the
component of small jobs we re-estimate the total weight of small jobs. Since
small jobs remain small, we initialize W’ = qe, where ¢ is the integer value of
the small jobs in the input node. We add to W’ the total sum of the rounded
jobs that were medium in B, and become small in B, (their rounded weight in
B,), and also the original weight of the big jobs in B, that become small in B,..
The new component ¢’ of small jobs is [W'/e,].

Next we consider all jobs that are medium in B, . There were y2 big jobs in
B, that become medium in B, . For every such job we round its weight according
to B,» and add one to the coordinate of its corresponding type in B,,. What
remains to consider is the coordinates of jobs that are medium for both B, and
B,,. We claim that all jobs that are rounded to one type k in B, cannot be
rounded to different types B, . Thus we add the type k coordinate of the input
vector to the corresponding coordinate of the output vector. To prove the claim
we note that a job of type k satisfies 2"¢g + (k — 1)2"e} < w; < 27gg + k27€3.
Let [ = 7' — r, in terms of &, and §,» we get that

1,12 1,12

Since 1;—(?[ +k—1and 1;—(?[ + k are integers, then the interval (%(1;? +k—

1), %( 1;02l + k)) does not contain an integer and thus all these jobs are rounded

to the type g,/ + 0 (2%(1;021 + k).

After we built the graph, we look for a path between a node of the first layer
in the first phase which corresponds to the whole set of jobs, and any node in the
last layer of the last phase (which means that we managed to cover all bins with
the set of jobs, maybe some jobs were not used but it is possible to add them to

any bin). If such path exists, the procedure answers ”yes”, and otherwise "no”.

3 Analysis of the algorithm

In this section we prove the correctness of our algorithm and compute its com-
plexity.

Theorem 1. If a feasible cover of value T exists, then the procedure outputs a
path that corresponds to a cover of at least (1 — e)T. Otherwise, the procedure
answers "no”.

Proof. We need to show that any cover of value at least 7' can be transformed
into a path in the graph, and that a path in the graph can be transformed into
a cover of at least (1 —¢)T.

Assume a cover of value T. We first transform it to a cover of a type that
our algorithm is searching for. We assume that the cover of any bin is minimal,
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otherwise we just remove jobs. Next we scan the bins by their order in the layered
graph (small to large). If the j’th bin was covered by a single job, we change
the cover to get another feasible cover in the following way. We consider the
smallest job that is at least as large as the j’th bin, and is not used to cover a
bin with a smaller index. We change the places of the two big jobs and continue
the scanning. The modified cover after each change is still feasible since bin j is
still covered and weight of the jobs on the larger bin may only increase. We use
the final cover to build a path in the graph. We show how to add a single edge
to a path in each step. Since there is only one outgoing edge from each node of
the last layer in each phase, we only need to show how to add edges between
consecutive layers inside the phases, each such edge corresponds to some bin.
We also assume inductively the following invariant. The weight of the small jobs
in any state vector is at least the weight of the small jobs that has not been yet
used in the cover (the cover for bins we already considered).

Consider the j’th bin. If the bin is covered with a big job then we choose an
edge that corresponds to one big job. Otherwise the bin is covered by medium
jobs and small jobs. We compute the following state vector. Each medium job
adds one to the appropriate coordinate of the vector. Note that rounded weight
of a medium job (as interpreted in the state vector) is at least as large as its
weight. We also need to provide one coordinate for the small jobs used in covering
bin j. For that we divide the total weight of the small jobs in the cover of that
bin by &, where r is the index of the phase and take the floor. The sum of the
rounded weights of the jobs of the vector we built is at least s; — €., and thus it
is a cover vector, i.e., an edge in the j’th layer of the graph. the invariant on the
small jobs remains true since the weight of the small jobs of the cover vector is
less than that in the cover.

Now we show that a full path in the graph is changed into a cover of value
(1 —e)T. We build the cover starting from the smallest bin (the first edge of
the path). We show how to build a cover for one bin using a cover vector. In
the case that the cover vector of the edge corresponds to one big job, we add
the smallest big job available to the cover. We replace a medium job of rounded
weight e, + kd, by a job of weight in the interval (g, + (k — 1)d,, &, + kd,]. Such
a job must exist according to the way that the graph was built. We replace the
small jobs coordinate in the following way: Let ji,...,j. where w;, < ... < w;,
be the subset of the small jobs that were not used to cover any of the bins that
were already covered. Let z; be the index 1 < 27 < z such that

(¢ —3)e, < Z wj, < (¢ —2)e,

1<i<z

(where ¢’ is the small jobs coordinate of the cover vector). We add the jobs
J1s .-+, Jz to the cover. We prove the following Lemma in order to show that such
an index exists.

Lemma 2. Consider the node in phase v on the path up to which we built the
cover. Denote by Wy the total rounded weight of small jobs that were not used
to cover any of the bins that are already covered. (The rounded weight of a small
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job is its rounded weight when it was last medium, and its real weight if it never
was medium). The small jobs coordinate q of the state vector of the node satisfies
the equation

qcr < WI + 2ET

Proof. First we show the correctness of the lemma only for the first layer of
each phase. We show the lemma by induction on the number of phase r. In the
beginning of each phase there is a rounding process in which the total rounded
weight of small jobs is divided by e,, and the result is rounded up. Thus in
phase 0 since we round up the number W’ /eg, we added at most £ to the total
rounded weight of the jobs. In phase r we might add by rounding extra ¢,. Since
Zr,q e < g, we conclude that the weights of the small jobs of a state vector
in the first layer of a phase exceeds the total rounded weight of the small jobs
available by at most 2¢, and thus ge, < W7 + 2¢,.. The lemma holds for nodes
inside phases too, since each time we reduce ¢, by some number g1, Wi is reduced
by at most (¢; — 2)e. This completes the proof of the lemma.

In a cover vector the small jobs coordinate ¢’ is bounded above by the small
jobs coordinate of the node for which this edge is outgoing. Thus ¢'e, < ge, <
W1 + 2¢, and thus Wy > (¢’ — 2)e,. Since the weight of each job is at most &,
z1 exists.

Now we show that this gives a cover of bin j. Let us calculate the ratio
between the rounded weight and the real weight of jobs we assigned to this bin.
Since we rounded only medium jobs, the loss in the weight of the job is at most
0, while its weight is at least ,. Thus the ratio is at most (wy + 0,)/wy <
146, /e, < 1+4¢p. Thus the total weight of the jobs assigned to bin j is at least

(sj —4-&7)/(L4¢e0) > (55 —4-2"e0)(1 —&9)
> 5;(1 —4eo)(1 —eg) > s;(1 —5eg) > sj(1—¢)
where the second inequality follows from the fact that s; > 2".
Complexity: The decision procedure consists of two parts.

1. Building the graph.

The number of nodes in each layer of the graph is at most N = 2(n +
2)n?/ €6+1 since each of the coordinates of the first and the second parts of
state vector does not exceed n, and the third one does not exceed (n+2)(1+
€0) < 2(n + 2). Consider the a translation edges between layers of different
phases. Recall that there is only one edge from each node. Now, consider the
edges between layers that correspond to a bin. The number of edges from
each node is at most M = (2/e2 + 3)?/%0 (Since each of the 2/ jobs can be
one of 2/e3 + 2 jobs types, or not to exist at all in the cover). Thus there are
at most mN M +mN edges in the graph. To build the edges inside phases we
need to check at most M possibilities for each node inside a phase. It takes
O(%) to check one such possibility, i.e. that it corresponds to a minimal cover.
Building one edge between phases takes O(n) but there is only one outgoing
edge from each node between phases. The total complexity of building the
graph is O(mNM /e + mNn).
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2. Running an algorithm to find a path, and translating it into a cover if it
succeeds.
The algorithm of finding a path is linear in the number of edges. The com-
plexity of building the cover is negligible.

The total complexity of the decision procedure is O(c.n®(2)) where ¢, is a con-
stant which depends only on . The complexity of the algorithm is clearly the
complexity of the decision procedure times O(log1/¢).

4 Approximation scheme for scheduling

It is easy to adapt the algorithm for machines covering and get a simpler al-
gorithm for related machines scheduling. Here the big jobs cannot not be used
for packing in bins and thus the algorithm becomes simpler. Of course, there
are several straight forward changes such as rounding down the jobs instead
of rounding them up and considering maximum packings instead of minimum
covers. We omit the details.
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Abstract. We present a simple and unified approach for developing
and analyzing approximation algorithms for covering problems. We il-
lustrate this on approximation algorithms for the following problems:
Vertex Cover, Set Cover, Feedback Vertex Set, Generalized Steiner For-
est and related problems.

The main idea can be phrased as follows: iteratively, pay two dollars (at
most) to reduce the total optimum by one dollar (at least), so the rate of
payment is no more than twice the rate of the optimum reduction. This
implies a total payment (i.e., approximation cost ) < twice the optimum
cost.

Our main contribution is based on a formal definition for covering prob-
lems, which includes all the above fundamental problems and others. We
further extend the Bafna, Berman and Fujito Local-Ratio theorem. This
extension eventually yields a short generic r-approximation algorithm
which can generate most known approximation algorithms for most cov-
ering problems.

Another extension of the Local-Ratio theorem to randomized algorithms
gives a simple proof of Pitt’s randomized approximation for Vertex Cover.
Using this approach, we develop a modified greedy algorithm, which for
Vertex Cover, gives an expected performance ratio < 2.

Keywords: Approximation Algorithm, Local Ratio, Covering Problems, Vertex
Cover, Set Cover, Feedback Vertex Set, Generalized Steiner Forest, Randomized
Approximations.

1 Introduction

Most algorithms for covering problems can be viewed according to two different
approaches: the primal-dual principle, and the Local-Ratio principle (see, e.g.,
recent surveys [17],[19]). The common characteristic that we find in algorithms
for covering problems is the use of vertex weight reductions (or vertex deletion,
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which is a special case). We are interested in viewing algorithms from the view-
point of the Local-Ratio theorem [4], and its extensions by Bafna, Berman and
Fujito [2].

Following the work of Bafna et al., several studies have shown unified ap-
proaches for various families of covering problems. Fujito [13] gave a generic
algorithm for node deletion. Chudack, Goemans, Hochbaum and Williamson
[10] united algorithms for the Feedback Vertex Set problem presented by Bafna
et al., [2] and by Becker and Geiger [9], using the primal-dual principle. Agrawal,
Klein and Ravi [1] dealt with the Generalized Steiner Forest problem. Following
their work, a couple of generalizations/unifications have recently been done, one
by Williamson, Goemans, Mihail, and Vazirani [21] and another by Goemans
and Williamson [15].

In this work, we try to combine all of these results into a unified definition

for covering problems, and present a new local-ratio principle, which explains,
with relative ease, the correctness of all the above algorithms. ! Like the others,
we use reductions of the weights in the graph, but we view this in the following
way:
We try to measure the “effectiveness” of the reduction we are making; as a result
of the reduction, there may be a change in the optimum. The reduction incurs
a cost, and we would like the payment to be bounded by a constant r times the
change in the problem’s optimum.

This principle of “effectiveness” can also be viewed in terms of expected
values, when the reduction we make is chosen according to some random distri-
bution. This yields an extension of the local-ratio principle in another direction;
in this extension, we are interested in bounding the expected change in the
optimum as related to the expected cost.

This approach gives us a simple proof for Pitt’s randomized approximation
for Vertex Cover.

In addition, we get a new and interesting result: while a deterministic greedy
algorithm [11] does not have a constant performance ratio, even for Vertex Cover,
a randomized greedy algorithm has a performance ratio of 2.

1.1 Definitions

We are interested in defining a covering problem in such a way that it will
contain the following problems: Vertex Cover, Set Cover, Feedback Vertex Set,
Generalized Steiner Forest, Min 2-Sat, Min Cut, etc.

For a general covering problem, the input is a triple (X, f : 2X — {0,1},w :
X — R*), where X is a finite set, f is monotone, i.e., A C B = f(A) < f(B),
and f(X) = 1. For a set C C X, we define w(C) = > - w(z), which we call
the weight of C. We say that C' C X is a cover if f(C) = 1.

The objective of the problem is to find a cover C* C X satisfying

w(C*) = min{w(C)|C C X and f(C) =1}.

1 For recent applications see [5] [6] [8].



One for the Price of Two: A Unified Approach 51

Such a cover is called an optimum cover.

A cover C' C X is called an r-approzimation if w(C) < r-w(C*), where C*
is an optimum cover. An algorithm A is called an r-approzimation for a family
of covering problems if, for every input (X, f,w) in the family, A returns a cover
which is an r-approximation.

1.2 Overview

This paper describes a unified approach for achieving r-approximations for cov-
ering problems. In Section 2 we describe the general idea of the technique, for-
malized by the Local-Ratio theorem. In Section 3 we show some applications
of this technique to developing algorithms for the Vertex Cover problem. In
Section 4 we apply the technique to Set Covering. In Section 5 we present an
extension for dealing with randomized approximations. In Section 6 we describe
an enhancement of the technique which allows us to deal with some recent ap-
proximations. In Section 7 we use the enhancement to describe and prove a
2-approximation algorithm for the Feedback Vertex Set problem, in Section 8
we use it for a 2-approximation for the Generalized Steiner Forest problem, and
in Section 9 we present a generic r-approximation algorithm which can generate
all deterministic algorithms presented in this paper.

2 First Technique: Pay for Every Weight Reduction

Given a triple (X, f,w), our method for achieving an approximation cover is by
manipulating the weight function w. Denote the optimum cover of (X, f,w) by
OPT(w). The following is a fundamental observation for our technique:

The Decomposition Observation: For every two weight functions wy,ws,
OPT((.L)l) + OPT((.L)Q) S OPT(wl + (.L)Q)

We select some function 6 : X — RT, s.t. Voex 0 < d(z) < w(x)

The function ¢ is used to reduce the weights, giving a new instance (X, f,w—
0). The value of OPT(w — §) may be smaller than OPT(w), and we denote
their difference by AOPT = OPT(w) — OPT(w — ¢). By the Decomposition
Observation, AOPT > OPT(9).

This means that by reducing the weights by §, we reduce the total optimum
by at least OPT(d). How much are we willing to pay for this reduction in the
optimum? Since our final objective is an r-approximation, we would like to pay
no more than r - OPT(4).

Let us be generous and pay for all weight reductions we make, i.e., define
ACOST to be ACOST =} .« 0(x) = 6(X). Therefore, what we need in order
to get an r-approximation is

§(X) < r-OPT(5)
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or, in the terminology of the title: we are willing to pay no more than r times
the gain in optimum reduction.

Let us now formalize the technique. Let (X, f,w) be a covering problem triple.
The function § is called r-effective if:

1. Veex 0<0(z) < w(x)
2. §(X) <r-OPT(9).

Now, consider the following general algorithm:

Algorithm A(X, f,w)

Select r-effective §
Call algorithm B(X, f,w — 0) to find a cover C'
Return C

Theorem 1. The Local-Ratio Theorem:
If B returns a cover C s.t. (w—0)(C) <r- OPT(w — )
then w(C) < r- OPT(w)

Proof. w(C)=
=(w=0)(C)+4(C) [linearity of w and ¢]
< (w=9)(C) +6(X) [6(C) < 6(X)]
<7-OPT(w —0)+r-OPT(d) [B’s property and the r-effectiveness of 4]
[

<r-OPT(w) Decomposition Observation]
O

This is illustrated in the next section by a sequence of 2-approximation al-
gorithms for the Vertex Cover problem.

3 The Vertex Cover Problem

Let G = (V, E) be a simple graph with vertices V and edges E C V2. The degree
of a vertex v € V is defined by d(v) = [{e € E : v € e}|. The mazimum vertex
degree is defined by A, = max{d(v) : v € V}. Aset C C V is called a vertex cover
of G = (V, E) if every edge has at least one endpoint in C, i.e., Veep e NC # ¢.
The Vertex Cover problem (VC) is: given a simple graph G = (V, E) and a
weight w(v) > 0 for each v € V, find a vertex cover C' with minimum total
weight. The Vertex Cover problem (VC) is NP-hard even for planar cubic graphs
with unit weight [14]. For unit-weight Vertex Cover, Gavril (see [14]) suggested
a linear time 2-approximation algorithm. For the general Vertex Cover problem,
Nemauser and Trotter [18] developed a local optima algorithm that (trivially)
implies a 2-approximation.

Until today, the best ratio known is 2. The first linear time algorithm was
found by Bar-Yehuda and Even [3]. Their proof uses the primal-dual approach.
It took a few more years to find a different kind of proof — the local-ratio theorem

[4]-
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3.1 Bar-Yehuda & Even’s 2-Approximation Algorithm

The main idea is as follows: let {z,y} € E, and let ¢ = min(w(z),w(y)). Reducing
w(z) and w(y) by € has ACOST = 2¢ while AOPT > e, since one of the two
vertices x,y participates in any optimum. So we pay 2¢ in order to reduce the
total optimum by at least €, repeating this process until the optimum reaches
zero. The total cost will be no more than twice the optimum.

Therefore, the 2-effective § selected is

5(v) = {6 v € {z,y}

0 else

Algorithm BarEven(G = (V, E),w)

For each e € E
Let ¢ = min{w(v)|v € e}
For each v € e
w) =w) —¢

Return C' = {v : w(v) = 0}

Theorem 2. Algorithm BarEven is a 2-approximation.

Proof. By induction on |E|.

The first step uses 0, which is 2-effective, since OPT(d) = € and §(V) = 2e.
The remaining steps perform a 2-approximation for (G,w — d), by the induction
hypothesis, and the Local Ratio Theorem. 0O

For primal-dual proof see [3]. For first local-ratio proof, see [4].

3.2 Clarkson’s Greedy Modification

Clarkson [12] uses the primal-dual approach to get the following 2-approximation
algorithm.

Algorithm Clarkson (G = (V, E),w)

C=9¢
While E # ¢
Let z € V with minimum e = %

For each y € I'(z) (the neighbors of x)
w(y) =w(y) —€
Add z to C and remove it from G
Return C

Theorem 3. Clarkson’s Algorithm is a 2-approzimation.
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Proof. The § that the algorithm chooses is §(z) = w(x), d(y) = % for every
y € I'(z), and 0 for all others. We need to show that § is 2-effective, i.e. (1)
Voerv 6(v) <w(v) (2) 6(V) <2-OPT(4).

1. for v = z we defined §(z) = w(z). For v € I'(z), we defined §(v) = 2@ <

d(x)
‘2((5)) < w(v). For all others, 6(v) =0 < w(v).
2.0(V)=06(x)+d(I'(z)+0(V—{a} —I'(z)) =w@)+w@)+0=2 w(x) =

2. OPT(4)

The rest of the proof is by induction, using the Local Ratio Theorem. O

3.3 Subgraph Removal

Suppose we are given a family of graphs for which we wish to develop a 1.5-
approximation. Getting rid of triangles is “free”. To get rid of a triangle, say
x,y, z, with weights e = w(z) < w(y) < w(z), define d(z) = d(y) = d(z) = e,
and Vyg(z.y.z} 6(v) = 0. Obviously, OPT(d) = 2¢, while §({z,y,2}) = 3¢, and
therefore § is 1.5-effective.

This was helpful, for example, in developing an efficient 1.5-approximation
for planar graphs, see [4].

The (2 —1loglogn/(2logn)) - approximation algorithm [4] uses this approach
to “get rid” of odd cycles of length < 2k — 1, where k ~ 2logn/loglogn. Let
C C V be a cycle of length 2k — 1. Generalizing the idea for triangles, let
e = min{w(v) : v € C}, and define d6(v) = € if v € C, and 0 otherwise. In this
case, 6(C))/OPT(0) < (2k —1)/k =2 — 1.

Bar-Yehuda and Even’s linear time algorithm for VC can also be viewed as a
subgraph removal algorithm, where the subgraph removed each time is an edge.

4 Vertex Cover in Hypergraphs

Let G = (V,E) be a simple? hypergraph with vertices V and edges E C 2V.
The degree of a vertex v € V is defined by d(v) = |[{e € E : v € e}|. The
mazimum vertez degree is defined by A, = max{d(v) : v € V}. The degree of
an edge e € E is defined by d(e) = |e|. The mazimum edge degree is defined by
A. = max{le| : e € E}. A set C C V is called a vertex cover of G = (V, E) if
every edge e € E has at least one endpoint in C (i.e., eNC # ¢). The Hypergraph
Vertex Cover problem (HVC) is: given G = (V, E), and for each v € V' a weight
w(v) > 0, find a cover with minimum total weight.

This generalization of the VC problem is exactly the Set Covering problem
(SC).

Algorithm BarEven is written in hypergraph terminology, and therefore ap-
proximates HVC as well.

Theorem 4. Algorithm BarEven is a A.-approzimation for HVC.

2 A hypergraph is called simple if no edge is a subset of another edge.
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Proof. For e € E,e = min{w(v) : v € e}. Define 6(v) = € for all v € e and 0
otherwise.

Since OPT(0) = e and §(V) = d(e) = |e] - € < A. - €, this implies that ¢ is
A -effective. O

5 Randomized r-approximations

Let us select § : X — R% from some random distribution. Such a random
distribution is called r-effective if

1. Vaex 0 < §(X) < w(x) and
2. Expl6(X)] <r- Exp|OPT()]

Intuitively: the randomized rate of payment is no more than r times the ran-
domized rate of the optimum reduction.

Now consider the following general algorithm:

Algorithm A(X, f,w)

Select § : X — R™T from some r-effective random distribution
Call algorithm B(X, f,w — §) to find a cover C'
Return C

Theorem 5. The Randomized Local-Ratio Theorem:
If B returns a cover C' s.t. Exp[(w — 6)(C)] < r- Exp[OPT(w — 0)],
then Explw(C)] <r- OPT(w).

Proof. Explw(C)] =

Eapl( — 6)(C)] + Eapld(C)

r - Exp[OPT(w — §)] + r - Exp[OPT(4)] [from the properties of B and
of the distribution ]

IA I

r - Exzp[OPT(w — 0) + OPT()]
r+ Exp[OPT(w)] [by the Decomposition
r-OPT(w). Observation. |

Al

An algorithm A that produces a cover C satisfying Fzplw(C)] < r- OPT(w)
is called a randomized-r-approximation.
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5.1 Pitt’s Randomized-2-Approximation Algorithm

Algorithm Pitt (G = (V. E),w)

C = {z:w(z) =0} and delete C from G
While E # ¢

Select e € E

- 1

=

Select at random x € e with Prob(z) = ﬁ

Remove z from G and add it to C
Return C

Pitt [20] uses the primal-dual approach to prove that his algorithm is a
randomized-2-approximation algorithm for Vertex Cover. Using our technique,
we get:

Theorem 6. Pitt’s algorithm is a randomized-A.-approzimation for HVC.

Proof. To prove correctness, we use the Randomized Local-Ratio theorem. We
can regard the selection of a vertex x and its removal as if we defined §(x) = w(z),
and Yy, 6(y) = 0. We show that in each iteration, the distribution is A.-
effective. For this, we need to show that Fxp[6(V)] < r - Exzp[OPT(d)].

Let e be the edge chosen in the first iteration, and let C* be an optimum
cover.

Eap[OPT(6)] = Ezp[5(C*)] = ) pla) w(x)

zcenC*
w
= Y — w@)=wlenC >
zeeNC* (AJ(.’IJ)
w _ _
Bapls(V)] = Y p(e) (@) = 3 = wlw) =0+ [el <0 A,
w(z)
zcV x€e
O

5.2 Our Modified Greedy Algorithm
The greedy algorithm for set cover [11] is a InA,-approximation. Algorithm

BarEven is a A.-approximation. In some families of problems (e.g., VC), A,
is preferable to InA,. In these cases, we would like to have a ratio of A., but
we may also prefer to use the “greedy” heuristic. Can we have the best of both
worlds? As we have seen, this is possible: Clarkson’s modified greedy algorithms
for VC can easily be modified for HVC, using the Local-Ratio theorem. But,
even for unit-weight Vertex Cover, it may have a problem with robustness, due
to error accumulation. The following randomized greedy modification does not
“reduce weights”, but rather deletes vertices:
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Algorithm Random-Greedy (G = (V, E),w)

C = {x:w(zx) =0} and delete C from G

While E # ¢
Leto= 73

zeV wlz

Select at random = € V' with Prob(z) = % ")
Remove x from G and add it to C

Return C'

Let C* be an optimum cover,
ExplOPT(8)] = Exp[5(C*)] = > pl = > d(z)-w> B
zeC* zeC*

Eapls(V)] = ) _plx) - w(z) =Y dz) -0 < A.-|E]-o

zeV zeV
this implies:

Theorem 7. Random-Greedy is a randomized-A.-approximation for the HVC
problem.

Corollary 1. Random-Greedy is a randomized-2-approximation for VC.

6 Pay Only for Minimal Covers

Following Bafna, Berman and Fujito [2], we extend the Local-Ratio theorem.
This will be shown to be useful in the following sections.

In the previous analyses, we used §(V') as an upper bound for the payment
in a step. This may be too much. If we knew the final cover C' eventually found
by the algorithm, we would know that §(C) is the exact payment.

In practice, we can restrict the final cover C' to be a minimal cover. Defined
formally:

Definition A cover C' is a minimal cover if Vye. C\{x} is not a cover. A cover
C is a minimal cover w.r.t a weight function w, if V- ,1q cU(I)>OC’\{x} is not
a cover.

If we know that the final cover C' is minimal w.r.t. , we can bound the
payment ACOST by max{d(C)|C is minimal w.r.t ¢}.

Define 6 : X — R to be minimal-r-effective if

1. Vaex 0 <8(X) < w(x)
2. §(C) <r-OPT(w) for all C' that are minimal w.r.t. .

Consider the following general algorithm A:
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Algorithm A(X, f,w)

Select a minimal-r-effective §

Call algorithm B(X, f,w — §) to find a cover C

Removal loop:

for each x € C, if 6(z) > 0 and C'\ {x} is a cover then C' = C'\ {z}
Return C'

Theorem 8. The Extended Local-Ratio Theorem
If B returns a cover C s.t. (w—10)(C) < r-OPT(w—94), then w(C) < r-OPT(w).

Proof. After the “removal loop”, C' is still a cover, but it is also minimal w.r.t.
0, and therefore 6(C') < r- OPT(4). Hence

w(C) = (w—9)(C) +4(C)
<7r-OPT(w — ) 4+ r- OPT(J) [by the properties of B and 0]
<r-OPT(w) [by the Decomposition Observation]

O

7 The Feedback Vertex Set Problem

Let G = (V, E) be a simple graph with weight function w : V" — RT. A set
F C V is called a Feedback Vertex Set (FVS) if G\ F is a forest, i.e., for every
cycle C CV, CNF # ¢. The FVS problem is: given a graph G = (V, E) and
a weight function w : V. — RT, find a FVS, F, with minimum total weight.
The FVS problem is NP-hard [14]. Furthermore, any r-approximation for FVS
implies an r-approximation with the same time complexity for the VC problem
(each edge in the VC instance graph can be replaced by some cycle).

This implies that a 2-approximation is the best we can hope for, as long as
the ratio for VC is not improved.

The first non-trivial approximation algorithm was given by Bar-Yehuda,
Geiger, Naor and Roth [7]. They present a 4-approximation for unit weights
and an O(logn)-approximation for the general problem. Following their paper,
Bafna, Berman and Fujito [2] found the first 2-approximation. They were also
the first to generalize the local ratio theorem to deal with “paying” according
to a minimal cover. Their approach has helped to deepen our understanding of
approximations for covering problems.

Following their approach, Becker and Geiger [9] present a relatively sim-
ple 2-approximation. Following all these, Chudak, Goemans, Hochbaum and
Williamson [10] explained all of these algorithms in terms of the primal-dual
method. They also gave a new 2-approximation algorithm, which is a simplifi-
cation of the Bafna et al. algorithm. Using the Extended Local Ratio theorem,
we can further simplify the presentation and proof of all these three algorithms,
[2], [10], [9]. Let us illustrate this for the Becker-Geiger algorithm.
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The main idea behind Becker and Geiger’s algorithm is the weighted graph
we call a degree-weighted graph. A degree-weighted graph is a pair (G,w) s.t.
each vertex v has a weight w(v) = d(v) > 1.

Theorem 9. Every minimal FVS in a degree-weighted graph is a
2-approximation.

Proof. Let C' be a minimal cover, and C* an optimum cover. We need to prove
w(C) <2-w(C*). It is enough to show that

Zw(:r) <2 Z w(x)
xeC zecC*

by definition, it is enough to show that
D d(x) <2 ) d(x).
xeC zecC*

This is proved in [9]. A simple proof also appears in [10]. ]

Corollary 2. If G = (V,E) is a graph with Vyey d(v) > 1, and 6 : V — R*
satisfies Vyey 0 < 6(v) = e-d(v) < w(v) for some €, then § is 2-effective.

Proof. We need only show that for every minimal cover C, 6(C) < 2- OPT(0).
This is immediate from Theorem 9. O

In order to guarantee termination, we choose € = min,cy %.

Algorithm BeckerGeiger (G = (V, E),w)

If G is a tree return ¢

If 3yev d(z) < 1 return BeckerGeiger(G\{z},w)

If 3.ev w(z) = 0 return {z}+BeckerGeiger(G\{z}, w)

Let € = minyey %

Define d : Vyey d(x) = € - d(z)

C' = BeckerGeiger(G,w — 9)

Removal loop:

for each x € C, if 6(z) > 0 and C\{z} is a cover then C' = C\{x}

Theorem 10. Algorithm BeckerGeiger is a 2-approzimation for FVC.

Proof. The algorithm terminates, since in each recursive call, at least one more
vertex weight becomes zero. Therefore we can use induction. The base of in-
duction is trivial. Let us assume inductively that the recursive call returns C'
s.t.

(w=10)(C)<2-OPT(w —9).

Since, by Corollary 2, ¢ is 2-effective, we can use the Extended Local-Ratio
theorem to conclude that w(C) < 2- OPT(w). O
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8 Generalized Steiner Forest and Related Problems

Goemans and Williamson [15] have recently presented a general approximation
technique for covering cuts of vertices with edges. Their framework includes the
Shortest Path, Minimum-cost Spanning Tree, Minimum-weight Perfect Match-
ing, Traveling Salesman, and Generalized Steiner Forest problems. All these
problems are called Constraint Forest Problems.

To simplify the presentation, let us choose the Generalized Steiner Forest
problem. We are given a graph G' = (V, F), a weight function w : £ — R™, and
a collection of terminal sets T' = {T1,Ts, ..., T}, each a subset of V. A subset
of edges C' C F is called a Steiner-cover if, for each T;, and for every pair of
terminals z,y € T;, there exists a path in C' connecting x to y. The Generalized
Steiner Forest problem is: given a triple (G, T,w), find a Steiner-cover C' with
minimum total weight w(C).

In order to get a 2-effective weight function, let us define an edge-degree-
weighted graph.

An edge-degree-weighted graph is a triple (G, T, w) s.t.

Veer w(e) =dr(e) =|{z €e:3; z € T;}|

Theorem 11. FEvery minimal cover in an edge-degree-weighted graph is a 2-
approximation.

Proof. The proof is an elementary exercise, see, e.g., [L0]. O

So now, given (G,T,w), we can easily compute a 2-effective weight function
0(e) = dr(e) - e for all e € E, and in order to guarantee termination, we select
e = min{w(e)/dr(e)|dr(e) # 0}.

Now we can proceed as follows:

“Shrink” all pairs e = {x,y} s.t. (w —d)(e) = 0.

Recursively, find a minimal 2-approximation Steiner-cover, C. Add all
“shrunken” edges to the cover C. In order to guarantee the minimality prop-
erty, apply the following removal loop:

For each “shrunken” edge e do: if C'\ {z} is a Steiner-cover, delete e from C

9 A Generic r-Approximation Algorithm

We now present a generic r-approximation algorithm that can be used to gen-
erate all the deterministic algorithms presented in this paper.

The weight function 0 is called w-tight if J,cx d(x) = w(z) > 0.
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Algorithm Cover (X, f,w)

If the set {z € X : w(x) = 0} is a cover then return this set.
Select w-tight minimal-r-effective § : X — RT

Recursively call Cover (X, f,w — ) to get a cover C

Removal loop:

for each z € C, if §(x) > 0 and C\{z} is a cover then C = C\{z}

Theorem 12. Algorithm Cover is an r-approrimation.

Proof. Define Xt = {x € X|w(x) > 0}. Since § is w-tight, the size of X
decreases at each recursive call. This implies that the total number of recursive
calls is bounded by | X|. We can now prove the theorem using induction on | X T|.

Basis: | X | = 0, hence w(X) = 0.

Step: We can consider the recursive call as the algorithm B in the Extended
Local-Ratio theorem, theorem 8. By the induction hypothesis, this recursive call,
Cover (X, f,w — §), satisfies B’s requirement in the theorem, i.e., (w —§)(X) <
r - OPT(w — §). Since § is minimal-r-effective, it remains to show that C is a
minimal cover w.r.t 4. This follows from the last step of algorithm Cover. m|
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Abstract. We consider problems of distributing a number of points
within a connected polygonal domain P, such that the points are “far
away” from each other. Problems of this type have been considered be-
fore for the case where the possible locations form a discrete set. Disper-
sion problems are closely related to packing problems. While Hochbaum
and Maass (1985) have given a polynomial time approximation scheme
for packing, we show that geometric dispersion problems cannot be ap-
proximated arbitrarily well in polynomial time, unless P=NP. We give
a % approximation algorithm for one version of the geometric dispersion
problem. This algorithm is strongly polynomial in the size of the input,
i.e., its running time does not depend on the area of P. We also discuss
extensions and open problems.

1 Introduction: Geometric Packing Problems

In the following, we give an overview over geometric packing. Problems of this
type are closely related to geometric dispersion problems, which are described
in Section 2.

Two-dimensional packing problems arise in many industrial applications. As
two—dimensional cutting stock problems, they occur whenever steel, glass, wood,
or textile materials are cut. There are also many other problems that can be
modeled as packing problems, like the optimal layout of chips in VLSI, machine
scheduling, or optimizing the layout of advertisements in newspapers.

When considering the problem of finding the best way to pack a set of objects
into a given domain, there are several objectives that can be pursued: We can
try to maximize the value of a subset of the objects that can be packed and
consider knapsack problems; we can try to minimize the number of containers
that are used and deal with bin packing problems, or try to minimize the area
that is used — in strip packing problems, this is done for the scenario where the
domain is a strip with fixed width and variable length that is to be kept small.

All of these problems are NP-hard in the strong sense, since they contain
the one-dimensional bin packing problem as a special case. However, there are

* This work was supported by the German Federal Ministry of Education, Science,
Research and Technology (BMBF, Forderkennzeichen 01 IR 411 C7).

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 63-75, 1998.
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some important differences between the one- and the two-dimensional instances;
and while there are many algorithms for one-dimensional packing problems that
work well in practice (currently, benchmark instances of the one-dimensional
knapsack problem with up to 250,000 objects can be solved optimally, see [31]),
until recently, the largest solved benchmark instance of the two-dimensional
orthogonal knapsack problem (i.e., packing rectangles into a rectangular con-
tainer) had no more than 23 objects (see [3,22]). One of the difficulties in two
dimensions arises from the fact that an appropriate way of modeling packings
is not easy to find; this is highlighted by the fact that the feasible space cannot
be assumed to be convex. (Even if the original domain is convex, the remaining
feasible space will usually lose this property after a single object is placed in
the domain.) This makes it impossible to use standard methods of combinato-
rial optimization without additional insights. For an overview over heuristic and
exact packing methods, see [40]. See [11,12,13,14,38] for a recent approach that
uses a combination of geometric and graph-theoretic properties for character-
izing packings of rectangles and constructing relatively fast exact algorithms.
Kenyon and Remila [24] give an “asymptotic” polynomial time approximation
scheme for the strip packing problem, using the additional assumption that the
size of the packed objects is insignificant in comparison to the total strip length.
(In this context, see also [1].)

There are several other sources of difficulties of packing in two dimensions:
the shape of the objects may be complicated (see [26] for an example from the
clothing industry), or the domain of packing may be complicated. In this paper,
we will deal with problems related to packing objects of simple shape (i.e.,
identical squares) into a polygonal domain: a connected region, possibly with
holes, that has a boundary consisting of a total of n line segments, and the same
number of vertices.

It should be noted that even when the structure of domain and objects are
not complicated, only little is known — see the papers by Graham, Lubachevsky,
and others [16,19,20,21,27,28 29] for packing identical disks into a strip, a square,
a circle, or an equilateral triangle. Also, see Nelilen [34] for an overview of the
so-called pallet loading problem, where we have to pack identical rectangles into a
larger rectangle; it is still unclear whether this problem belongs to the class NP,
since there may not be an optimal solution that can be described in polynomial
time.

The following decision problem was shown to be NP-complete by Fowler et
al. [15]; here and throughout the paper an L-square is a rectangle of size L x L,
and the number of vertices of a polygonal domain includes the vertices of all the
holes it may have.

Pack(k, L):

Input: a polygonal domain P with n vertices, a parameter k, a parameter
L.

Question: Can k many L-squares be packed into P?

Pack(k, L) is the decision problem for the following optimization problem:
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max; PACK(L):
Input: a polygonal domain P with n vertices
Task: Pack & many L-squares into P, such that k is as big as possible.

It was shown by Hochbaum and Maass [23] that max;PACK(L) allows a
polynomial time approximation scheme. The main contents of this paper is to
examine several versions of the closely related problem

maxy PACK(k):
Input: a polygonal domain P with n vertices
Task: Pack k many L x L squares into P, such that L is as big as possible.

2 Preliminaries: Dispersion Problems

The problem max;PACK(k) is a particular geometric dispersion problem. Prob-
lems of this type arise whenever the goal is to determine a set of positions, such
that the objects are “far away” from each other. Examples for practical moti-
vations are the location of oil storage tanks, ammunition dumps, nuclear power
plants, hazardous waste sites — see the paper by Rosenkrantz, Tayi, and Ravi [36],
who give a good overview, including the papers [6,7,9,10,18,30,32,35,39]. All
these papers consider discrete sets of possible locations, so the problem can be
considered as a generalized independent set problem in a graph. Special cases
have been considered — see [5,6]. However, for these discrete versions, the stated
geometric difficulties do not come into play. In the following, we consider geomet-
ric versions, where the set of possible locations is given by a polygonal domain.
We show the close connection to the packing problem and the polynomial ap-
proximation scheme by Hochbaum and Maass [23], but also a crucial difference:
in general, if P#£NP, it cannot be expected that the geometric dispersion problem
can be approximated arbitrarily well.

When placing objects into a polygonal domain, we consider the following
problem, where d(v,w) is the geodesic distance between v and w:

max  min d(v,w).
SCP,|S|=kv,weS
This version corresponds to the dispersion problems in the discrete case and
will be called pure dispersion.
In a geometric setting, we may not only have to deal with distances between
locations; the distance of the dispersed locations to the boundary of the domain
can also come into play. This yields the problem

a in {d d(v, 0P
s v{gléls{ (v,w),d(v,0P)},
where 0P denotes the boundary of the domain P. This version will be called
dispersion with boundaries.
Finally, we may consider a generalization of the problem max;PAck(k),
which looks like a mixture of both previous variants:
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in {2d d(v,0P)}.
sc?al,?s’ﬁ:kﬁl?s{ (v,w),d(v,0P)}

Since this corresponds to packing k many d-balls of maximum size into P,
this variant is called dispersional packing.

It is also possible to consider other objective functions. Maximizing the av-
erage distance instead of the minimum distance can be shown to lead to a one-
dimensional problem for pure dispersion (all points have to lie on the boundary
of the convex hull of P). Details are omitted from this abstract.

Several distance functions can be considered for d(v,w); the most natural
ones are Lo distances and Ly or L., distances. In the following, we concentrate
on rectilinear, i.e., Lo, distances. This means that we will consider packing
squares with edges parallel to the coordinate axes. Most of the ideas carry over
for Lo distances by combining our ideas with the techniques by Hochbaum and
Maass [23], and Fowler et al. [15]: again, it is possible to establish upper bounds
on approximation factors, and get a factor % by a simple greedy approach. Details
are omitted from this abstract. We concentrate on the most interesting case of
dispersion with boundaries, and only summarize the results for pure dispersion
and dispersional packing; it is not hard to see that these variants are related
via shrinking or expanding the domain P in an appropriate manner. See the full
version of this paper or [2] for details.

The rest of this paper is organized as follows: In Section 3, we show that
geometric dispersion with boundaries cannot be approximated arbitrarily well
within polynomial time, unless P=NP; this result is valid, even if the polygonal
domain has only axis-parallel edges, and distances are measured by the L
metric. In Section 4, we give a strongly polynomial algorithm that approximates
this case of geometric dispersion within a factor of % of the optimum.

3 An upper bound on approximation factors

In this section, we give a sketch of an NP-completeness proof for geometric
dispersion. Basically, we proceed along the lines of Fowler et al. [15], combined
with the result by Lichtenstein [17,25] about the NP-completeness of PLANAR
3SAT. We then argue that our proof implies an upper bound on approximation
factors. In this abstract, we concentrate on the case of geometric dispersion with
boundaries. In all figures, the boundaries correspond to the original boundaries
of P, the interior is shaded in two colors. The lighter one corresponds to the
part of the domain that is lost when shrinking P to accommodate for half of the
considered distance L* = d(v,0P). The remaining dark region is the part that
is feasible for packing %*-squares.

Theorem 1. Unless P=NP, there is no polynomial algorithm that finds a so-
lution within more than % of the optimum for rectilinear geometric dispersion
with boundaries, even if the polygonal domain has only axis-parallel edges.
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Sketch: We give a reduction of PLANAR 3SAT. A 3SAT instance [ is said to
be an instance of PLANAR 3SAT), if the following bipartite graph G is planar:
Every variable and every clause in I is represented by a vertex in Gp; two vertices
are connected, if and only if one of them represents a variable that appears in
the clause that is represented by the other vertex. See Figure 1 for an example.

Fig. 1. The graph G representing the PLANAR 3SAT instance (z1 Va2 V 23) A
(Z1 VT3V ag) A (T2 Va3V Ty)

Proposition 2 (Lichtenstein) PLANAR 3SAT is NP-complete.

As a first step, we construct an appropriate planar layout of the graph G
by using the methods of Duchet et al. [3], or Rosenstiehl and Tarjan [37]. Note
that these algorithms produce layouts with all coordinates linear in the number
of vertices of G.

Next, we proceed to represent variables, clauses, and connecting edges by
suitable polygonal pieces. See Figure 2 for the construction of variable compo-
nents.

Fig. 2. A variable component for dispersion with boundaries (top), a placement
corresponding to “true” (center), and a placement corresponding to “false” (bot-
tom)

The variable components are constructed in a way that allows basically two
ways of dispersing a specific number of locations. One of them corresponds to
a setting of “true”, the other to a setting of “false”. Depending on the truth
setting, the adjacent connector components will have their squares pushed out
or not. See Figure 5 (bottom) for the design of the connector components.

The construction of the clause components is shown in Figure 3: connector
components from three variables (each with the appropriate truth setting) meet
in such a way that there is a receptor region of “L” shape into which additional
squares can be packed. Any literal that does not satisfy the clause forces one of
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the three corners of the L to be intersected by a square of the connector. Three
additional squares can be packed if and only if one corner is not intersected, i. e.,
if the clause is satisfied.

From the above components, it is straightforward to compute the parameter
k, the number of locations that are to be dispersed by a distance of 2. k is poly-
nomial in the number of vertices of G; and part of the input for the dispersion
problem. All vertices of the resulting P have integer coordinates of small size,
their number is polynomial in the number of vertices of G.

%V
_

. . (b) . e .
Fig. 3. A clause cor(aponent for dispersion with boundaries and its receptor re-
gion (a), a placement corresponding to “true” (b), and a placement correspond-
ing to “false” (c)

This shows that the problem is NP-hard. Now we need to argue that there
cannot be a solution within more than % of the optimum, if the PLANAR 3SAT
instance cannot be satisfied.

e T

Fig. 4. An upper bound on the approximation factor: variable components for
2-squares (left) and (2 — 2«)-squares (right)

See Figure 4 (top) for the variable components. Indicated is a critical distance
of s = 11. We show that it is impossible to pack an additional square into this
section, even by locally changing the truth setting of a variable. Now suppose
there was an approximation factor of 1 — «. This increases the feasible domain
for packing squares by a width of 2c, and it decreases the size of these squares to
2—2a. If a < L5, then £ (2 —2a) > s+ 2q, implying that it is impossible to

s+37
s+1
2

place more than squares within the indicated part of the component. Similar

arguments can be made for all other parts of the construction — see Figure 5.

(Details are contained in the full version of the paper.) This shows that it is

impossible to make local improvements in the packing to account for unsatisfied

clauses, implying that we basically get the same solutions for value 2 — 2« as for

value 2, as long as a < 11—4. ad
Along the same lines, we can show the following:
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Y

- 57— - 59 — =
@ (b
Fig.5. An upper bound on the approximation factor: clause components (a)
and connector components (b)

Theorem 3. Unless P=NP, there is no polynomial algorithm that can guarantee
a solution within more than % of the optimum for pure geometric dispersion
with Lo distances or for dispersional packing, even if the domain has only axis-

parallel edges.

Details are omitted from this abstract. We note that this bound can be
lowered to % if we do not require P to be a non-degenerate connected domain
— see Figure 6 for the general idea. Further technical details are contained in
the full version of the paper. It should be noted that the problem of covering a
discrete point set, instead of “packing” into it, is well studied in the context of
clustering — see the overview by Bern and Eppstein [4].

True Fase True False
. . . .

@ (b)
Fig. 6. An upper bound of % on the approximation factor, if the domain P may
be degenerate and disconnected — variable components (a) and clause compo-
nents (b)

4 A g approximation algorithm

In this section, we describe an approximation algorithm for geometric dispersion
with axis-parallel boundaries in the case of L., distances. We show that we can
achieve an approximation factor of % We use the following notation:

Definition 4 The horizontal a-neighborhood of a d square Q is a rectangle
of size ((d+ «) x d) with the same center as Q.

For a polygonal domain P and a distance r, P — r s the polygonal domain
{p € P|d(p,0P) > r}, obtained by shrinking P. Similarly, P+ is the domain
{p € R? | d(p, P) <r}, obtained by expanding P. Note that P +r is a polygonal
domain for rectilinear distances.

Par(P):= {(e;,e;)|eillej; eiej € E(P)} is the set of all pairs of parallel
edges of P. Dist(e;,e;) (for (e;,ej) € Par(P)) is the distance of the edges e;
and e;.

With AS(P,d,l), we call the approximation scheme by Hochbaum and Maass
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for maxi PACK(L), where P is the feasible domain, d is the size of the squares,
and 1 is the width of the strips, gquaranteeing that the number of packed squares

is at least within a factor of (lle)2 of the optimum.

Note that the approximation scheme AS(P,d,l) can be modified for axis-
parallel boundaries, such that the resulting algorithms are strongly polynomial:
If the number of squares that can be packed is not polynomial in the number
n of vertices of P, then there must be two “long” parallel edges. These can be
shortened by cutting out a “large” rectangle, which can be dealt with easily. This
procedure can be repeated until all edges are of length polynomially bounded in
n. (Details are contained in the full version of the paper. Also, see [2,40].)

The idea of the algorithm is the following: Use binary search over the size
d of the squares in combination with the approximation scheme by Hochbaum
and Maas for max;PACK(L) in order to find the largest size d of squares where
the approximation scheme guarantees a packing of k& many d-squares into the
domain P — %, with the optimum number of d-squares guaranteed to be strictly
less than % Then the following crucial lemma guarantees that it is impossible
to pack k squares of size at least %d into P — %, implying a % approximation
algorithm.

Lemma 5 Let P be a polygonal domain, such that k many 37‘7l—5qua7‘es can be
packed into P—%d. Then at least %k many d-squares can be packed into P—d/2.

Proof. Consider a packing of £ many 3#—squares into P— %.
Clearly, we have:

(P—%dnggp—d/z. (1)

For constructing a packing of d-squares, it suffices to consider the domain
that is covered by the 37Cl-squaures instead of P—%. After expanding this domain
by %, we get a subset of P—d/2 by (1). In the following, we construct a packing
of d-squares. At any stage, the following Observation 6 is valid.

Observation 6 Suppose the feasible space for packing d-squares contains the
horizontal %-neighborhoods of a set of disjoint %-squares. Then there exists a
37‘1-3q1Lc17“e Q that has left-most position among all remaining squares, i.e., to
the left of Q, the horizontal %—neighborhood of Q does not overlap the horizontal
%-neighborhood of any other 37‘7l-s>’qucw“e.

While there are 3Td-squaures left, consider a leftmost 3Td-squaure Q. We dis-
tinguish cases, depending on the relative position of @) with respect to other
remaining 37‘7l—squares. See Figure 7.

Details are omitted from this abstract for lack of space. At any stage, a set
of one, two, or three %d—squares that includes a leftmost %d—square is replaced
by a set of two, three, or five d-squares This iteration is performed while there
are %d—squares left. It follows that we can pack at least %k many d-squares into
P— ad

[VlisW
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@ (b) (©
Fig. 7. Constructing a packing of d-squares

In the following, we give a formal description of the binary search algorithm,
and argue why it is possible to terminate the binary search in polynomial time.

Algorithm 7

Input: polygonal domain P, positive integer k.

Output: Ap;s(P k) := d is the minimum Lo, distance between a location
and the boundary or between two locations.

1. For all (e;,e;) € Par(P) do

2. While d;; undetermined, perform binary search as follows:
(a) Smax = k+ 1 and smin = 2 and dpax = %Dist(ei,ej)/(smax) and

Amin = %Dist(ei,ej)/(smin).

(b) Tf AS(P—dumax/2 , dmax ,6) < k then d;; =
(¢) Tf AS(P—duin/2 , dinin,6) > k then dij ==
(d) While $max > Smin + 1 do
(e) 5= [(Smaz + Smin)/2] and d := 2Dist(e;, e;)/s.
(f)  If AS(P—d/2,d,6) > k then s, := s.
(9) Else s,,in := s.

3. Output d := max{d;; | (e;,e;) € Par(P)} and exit.

win O

Dist(e;, e;).

Theorem 8. For rectilinear geometric dispersion with boundaries of k locations
in a polygonal domain P with azis-parallel boundaries and n vertices, Algorithm 7
computes a solution Ap;s(P, k), such that

Apis(P,k) > ;OPT(P, k).

The running time is strongly polynomial.

Proof. 1t is not hard to see that there are only finitely many values for the
optimal value between the k points. More precisely, we can show that for the
optimal distance d,, the following holds:

There is a pair of edges (e;, e;) € Par(P), such that

Dist(e;, e;)

for some 2 < s;5 <k + 1. (2)
Sij

dopt -
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In order to determine an optimal solution, we only need to consider values
that satisfy Equation (2). For every pair of parallel edges of P, there are only
k possible values for an optimal distance of points. Thus, there can be at most
O(n?k) many values that need to be considered.

We proceed to show that the algorithm guarantees an approximation factor
of %

By binary search, the algorithm determines for every pair of edges (e;, e;) €
Par(P) of P a d;; with the following properties:

1. %dij = Dist(e;,ej)/si; (2 < s;5 < k+1) is a possible optimal value for the
distance of k points that have to be dispersed in P.

2. Using the approximation scheme [23], at least k many d;;-squares can be
packed into P—dZJ/Q, with dij = Dist(ei, ej)/(sij)-

3. If s;; > 2, then for d;; := 2 Dist(e;,e;)/(si; — 1), we cannot pack k many
d;j—squares into P—d;j /2 with the help of the approximation scheme.

Property 1 follows from (2), Properties 2 and 3 hold as a result of the binary
search.

From Lemma 5, we know that at least %k many %dopt—squares can be packed
into P— %d(,pt, since k many dop-squares can be packed into P—dopt/2.

Let k:opt(P—l dopt, %dopt) be the optimal number of %dopt—squares that can be
packed into P—3d,p:. With the parameter I = 6, the approximation scheme [23]
guarantees an approximation factor of (%)2. This implies:

2
1 2 6 1 2
kopt(P_gdopta gdopt) S (g) AS(P_ngptu gdoptu6)
3 1 2
< §AS(P—§dOpt, gdopt76)'
It follows that
3 1 2 1 2 3
EAS(P_gdoptu gdoptu6) > kopt(P_gdopta gdopt) Z Ek

This means that at least k squares are packed when the approximation scheme
is called with a value of at most %d(,pt.

For d;-j this means that d;j > %dopt and therefore %d;j = Dist(es, e5)/(5a,, +
1) > dopt'

Hence, for every pair (e;,e;) € Par(P) of edges, the algorithm determines a
value d;; that satisfies %dij = Dist(e;,ej)/saq,, and is a potential optimal value,
and the next larger potential value is strictly larger than the optimal value.

The algorithm returns the d with d = max{d;; | (e;,e;) € Par(P)}. There-
fore, %d > dopt, implying

2 2
AD’iS(P; k) - ng dopt - gOPT(P, k),

proving the approximation factor.
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The total running time is O(logk - n?). Note that the strongly polynomial

modified version of the approximation scheme [23] takes O(I2 - n? - nl*), i.e.,
O(n3®) with [ = 6.

For the case of general polygonal domains, where the boundaries of the do-
main are not necessarily axis-parallel, Lemma 5 is still valid. In the full version
of the paper, we discuss approximation for this more general case.

Without further details, we mention

Theorem 9. Pure geometric dispersion and dispersional packing can be approz-
imated within a factor of% in (strongly) polynomial time.

These factors can be achieved without use of the approximation scheme via a
straightforward greedy strategy; the approximation factor follows from the fact
that any packing of k 2d-balls guarantees a packing of 2k many d-balls, and a
greedy packing guarantees a 3-approximation for max;PACK(L).

5 Conclusions

We have presented upper and lower bounds for approximating geometric dis-
persion problems. In the most interesting case of a non-degenerate, connected
domain, these bounds still leave a gap; we believe that the upper bounds can be
improved. It would be very interesting if some of the lower bounds of % could
be improved. If we assume that the area of P is large, it is not very hard to
see that an optimal solution can be approximated much better. It should be
possible to give some quantification along the lines of an asymptotic polynomial
time approximation scheme.

It is clear from our above results that similar upper and lower bounds can
be established for Lo distances.

Like for packing problems, there are many possible variants and extensions.
One of the interesting special cases arises from considering a simple polygon, i.
e., a polygonal region without holes. The complexity of this problem is unknown,
even if the simple polygon is rectilinear, i. e., all its edges are axis-parallel.

Conjecture 10 The problem PAck(k, L) for Linfty distances is polynomial for
the class of simple polygons P.
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Abstract. We present approximation algorithms and structural results
for problems in network design. We give improved approximation algo-
rithms for finding min-cost k-outconnected graphs with either a single
root or multiple roots for (i) uniform costs, and (ii) metric costs. The
improvements are obtained by focusing on single-root k-outconnected
graphs and proving (i) a version of Mader’s critical cycle theorem and
(ii) an extension of a splitting off theorem by Bienstock et al.

1 Introduction

We study some NP-hard problems from the area of network design. We are
interested in approximation algorithms as well as structural results, and we use
new structural results to obtain improved approximation guarantees.

A basic problem in network design is to find a min-cost k-connected span-
ning subgraph. (In this paper k-connectivity refers to k-node connectivity.) The
problem is NP-hard, and there is an O(log k)-approximation algorithm due to
[13]. A generalization is to find a min-cost subgraph that has at least k,,, openly
disjoint paths between every node pair v, w, where [k, ] is a prespecified “con-
nectivity requirements” matrix. No poly-logarithmic approximation algorithm
for this problem is known. For the special case when each k,,, is in {0, 1,2}, [13]
gives a 3-approximation algorithm. The min-cost k-outconnected subgraph prob-
lem is “sandwiched” between the basic problem and the general problem. There
are two versions of the problem. In the single-root version, there is a root node
r, and the connectivity requirement is k., = k, for all nodes v (ky,, = 0if v £ 71
and w # r). This problem is NP-hard, even for k¥ = 2 and uniform costs. (To see
this, note that a 2-outconnected subgraph of a graph G has < |V(G)| edges iff G
has a Hamiltonian cycle.) In the multi-root version, there are ¢ > 1 root nodes

T1,...,7q¢, and the connectivity requirement is k,,, = k; for ¢ = 1,...,¢ and
for all nodes v; note that the connectivity requirements £, ...,k of the roots
r1,...,7¢ may be distinct. Consider a directed variant of the single-root problem:

given a digraph with a specified root node r, find a min-cost subdigraph that
contains k openly disjoint r—wv directed paths for all nodes v. A polynomial-
time algorithm for finding an optimal solution to this digraph problem is given

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 77-88, 1998.
© Springer-Verlag Berlin Heidelberg 1998
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in [4]. Based on this, [9] gives a 2-approximation algorithm for the undirected
single-root problem. For the multi-root problem, a 2¢-approximation algorithm
follows by sequentially applying the 2-approximation algorithm of [9] to each
of the roots r1,...,r,. To the best of our knowledge, no better approximation
guarantees were known even for uniform costs (i.e., the min-size k-outconnected
subgraph problem) and for metric costs (i.e., edge costs satisfying the triangle in-
equality). There has been extensive recent research on approximation algorithms
for NP-hard network design problems with uniform costs and with metric costs,
see the survey in [8] and see [1,3,5,9], etc. For the uniform cost multi-root prob-
lem, we improve the approximation guarantee from 2¢ to min{2, %} (this
implies a 1 + % approximation algorithm for the uniform cost single-root prob-
lem), and for the metric cost multi-root problem, we improve the approximation
guarantee from 2q¢ to 4 (in fact, to 3+ lfjﬂ where k,, and ks are the largest and
the second largest requirements, respectively).

The multi-root problem appears to have been introduced in [12], and for
some special cases with max{k; | i = 1,...,¢q} < 3, approximation guarantees
better than 2¢ are derived in [12]. An application of the multi-root problem to
“mobile robot flow networks” is described in [12]. We skip the applications in
this paper.

Our results on min-size k-outconnected subgraphs are based on a new struc-
tural result that extends a result of Mader [10]. Mader’s theorem (see Theorem 2)
states that in a k-node connected graph, a cycle of critical edges must be inci-
dent to a node of degree k. Our result is similar to Mader’s statement, except it
applies to single-root k-outconnected graphs, and “critical” edge means critical
for k-outconnectivity, see Theorem 1. Our proof is similar to Mader’s proof but
as far as we can see, neither of the two results generalizes the other.

The results on the metric version of the min-cost k-outconnected subgraph
problem are based on a partial extension of a splitting off theorem due to Bien-
stock et al. [1]. They proved that if the edges incident to a vertex r are all critical
with respect to k-connectivity in a k-connected graph G (k > 2) and the degree
d(r) is at least k + 2 then either there exists a pair of edges incident to r which
can be split off preserving k-connectivity or there exist two pairs, one of them is
incident to 7, such that splitting off both preserves k-connectivity. We prove the
corresponding statement in the case when G is k-outconnected from r, the edges
incident to r are critical with respect to k-outconnectivity and d(r) > 2k + 2. Tt
turns out that our result implies the splitting result of [1] when d(r) > 2k + 2.

Definitions and notation

We consider only simple graphs, that is, the graphs have no multi-edges and no
loops. Throughout the paper, when discussing a problem, we use G = (V, E) to
denote the input graph, and opt to denote the optimal value of the problem on
G also, we assume that G has a feasible solution to the problem. The number
of nodes of G is denoted by n, so n = |V|. Splitting off two edges su, sv means
deleting su and sv and adding a new edge wv. For a set X C V of nodes
I'X):={yeV —X:zy € FE for some z € X} denotes its set of neighbours.
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A graph is said to be k-outconnected from a node r, if for every node v,
there exist k openly disjoint v<r paths. The node r is called the root. Clearly,
for a fixed root node r, a k-node connected graph is k-outconnected from r (by
Menger’s theorem), but the reverse is not true. For example, we can take several
different k-node connected graphs Gi,Go, ..., choose an arbitrary node w; in
each G;, and identify wi,ws,... into a single node r. The resulting graph has
node connectivity one, but is k-outconnected from r. It can be seen that if G is
k-outconnected from r, then every separator (node cut) of cardinality < & must
contain the root r. Consequently, if G is not k-node connected, then there are
two neighbours v, w of r such that G has at most (k — 1) openly disjoint v—w
paths.

2 Structural results for k-outconnected subgraphs

2.1 Reducible root sequences

First we show a simple but useful observation which shows that there is no loss
of generality in assuming that the number of roots for the multi-root outcon-
nected subgraph problem is at most k, where k is the maximum connectivity
requirement; moreover, if the number of roots is k, then each root r; has k; = k.
Suppose that we are given a set R = {ry,...,7,} of root nodes together with
their connectivity requirements k = (k1, ..., k). Without loss of generality we
may assume that k4 <... <k, =k.

Lemma 1. If there is an inder j = 1,...,q such that k; < q — j, then a
graph is k-outconnected from R iff it is k'-outconnected from R', where k' =
(kj+1,...,kq) andR’:{rj+1,...,rq}. O

Corollary 1. If ¢ > k, then we can replace R by R — {v1,...,vq—r} and we
can change k appropriately. If g = k and say k1 < k, then we can replace R by
R —{v1} and we can change k appropriately. O

2.2 The extension of Mader’s theorem
This section has a proof of the following result.

Theorem 1. Let H be a graph that is k-outconnected from a mode r. In H,
a cycle consisting of critical edges must be incident to a node v # r such that
deg(v) = k. (Here, critical is with respect to k-outconnectivity, i.e., an edge e is
called critical if H — e is not k-outconnected from r.)

For comparison, we state Mader’s theorem.

Theorem 2 (Mader [10]). In a k-node connected graph H', a cycle of critical
edges must be incident to a node of degree k. (Here, critical is with respect to
k-node connectivity, i.e., an edge e is called critical if H' — e is not k-node
connected.) i



80 Joseph Cheriyan et al.

Remark: Theorem 1 does not seem to have any obvious extension to multi-root
outconnected graphs. Here is an example H with two roots rq, 7y and k = 3 that
is k-outconnected from each of r; and ry such that there is a cycle of critical
edges such that each incident node has degree > 4 > k = 3. Take a 6-cycle
v1,...,06,v1 and add two nodes v7 and vg, and add the following edges incident
to v7 or vg: V7V, U7V, V7Us5, U7V, VU2, U3, UsV4, Us¥s. Let the roots be 1y = vo,
r9 = vs. Note that each edge of H is critical, either for 3-outconnectivity from r;
or for 3-outconnectivity from ry. The cycle C' = vy, r1, v, 12, v7 has the property
stated above. We have examples where the cycle in question is incident to no
root.
The following corollary of Theorem 1 gives an extension of Theorem 2.

Corollary 2. Let G be a k-node connected graph, and let C' be a cycle of critical
edges that is incident to exactly one node vy with deg(vy) = k (so deg(v) > k+1
for all nodes v € V(C) —{vo}). Then there exists an edge e in C such that every
(k — 1)-separator S of G — e contains vg. O

Our proof of Theorem 1 is based on two lemmas. The second of these is
similar to the key lemma used by Mader in his proof of Theorem 2; we skip
the full proof, and instead refer the interested reader to [10, Lemma 1] or to [2,
Lemma 4.4].

Lemma 2. Let H = (V, E) be k-outconnected from r. Let v be a neighbour of v
with deg(v) > k + 1, and let vw # vr be an edge. Then in H — vw, there are k
openly disjoint r<v paths. ad

Corollary 3. Let H = (V, E) be k-outconnected from r, and let e = vw be a
critical edge (with respect to k-outconnectivity from r). Then in H — e there is
a (k — 1)-separator S, C V — {r,v,w} such that H — e — S, has ezxactly two
components, one containing v and the other containing w. O

For a critical edge e = vw of H, let S, denote a (k — 1)-separator as in the
corollary, and let the node sets of the two components of H — e — S, be denoted
by D, and Dy, ¢, where v € D, . and w € Dy, .

Lemma 3 (Mader). Let H = (V, E) be k-outconnected from r. Let v # r be a
node with deg(v) > (k+1), and let e = vw and f = vz be two critical edges. Let
SeyDyey Dw.e and Sy, Dy ¢, Dy s be as defined above.

1) Then D, . and D, ¢ have no nodes in common, i.e., Dy N Dy ¢ = 0.
) 2 ) W
(2) If r € Dy, then r € D, 5, and symmetrically, if r € Dy r, then v € D, ..

Proof. For the proof of part (1), we refer the reader to Mader’s proof, see [10,
Lemma 1] or [2, Lemma 4.4].
For part (2), note that

Dye=(DweNDy ) U (DyeNSf) U (DyeN Dy ).

If ris in Dy e, then 7 is in Dy, . N D, r, because r ¢ S; (by hypothesis), and
7 & Dy N Dy ¢ (by part (1)). O
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Proof. (of Theorem 1) The proofis by contradiction. Let C' = vg, v1, v, . .., Up, Vo
be a cycle of critical edges, and let every node in V(C') — {r} have degree > k+1.
The case when C' is not incident to r is easy to handle. There is a reduction to
k-node connected graphs, and the contradiction comes from Mader’s theorem.
Here is the reduction: replace the root r by a clique @ on deg(r) nodes and
replace each edge incident to r by an edge incident to a distinct node of Q.

Claim 1: If H is k-outconnected from r, then the new graph is k-node connected.
Moreover, for every edge vw € E(H), if vw is critical in H (with respect to k-
outconnectivity from r), then vw is critical in the new graph with respect to
k-node connectivity.

From Claim 1 and Mader’s theorem (Theorem 2), we see that there is a
contradiction if C' is not incident to r.

Now, suppose that C' is incident to r. Recall that C' = vg, v1,v2,. .., vp, vo,
and let r = vg. For each edge v;v;41 in C (indexing modulo p), let us revise
our notation to S; = Sy,u.y1, Di = Do viviers DI = Doy wvies- (S0 S €

V —{r,v;,v;41} has cardinality k — 1, and G — v;v;41 — S; has two components
with node sets D and DY, where v; is in the former and v;y; is in the latter.)

The next claim follows easily by induction on 7, using Lemma 3, part (2); the
induction basis is immediate.

Claim 2: For each i =0,1,2,3,...,p, the root r is in Dj.

Claim 2 gives the contradiction needed to prove the theorem, because the
claim states that = is in the component of v, (rather than the component of
vo =71) in H —vpvg — Sp. O

2.3 Splitting off edges from the root in a k-outconnected graph

In this subsection we present our result on the existence of pairs of edges which
can be split off from the root r. First let us recall the following result of Bienstock
et al.

Theorem 3 (Bienstock et al. [1]). Let G = (V, E) be a k-connected graph,
|V| > 2k, k > 2. Suppose that the edges incident to a node r € V' are all critical
with respect to k-connectivity and d(r) > k + 2. Then either there exists a pair
ru,rv of edges incident to r which can be split off preserving k-connectivity or
for any pair ru,rv there exists a pair sw, sz such that splitting off both pairs
preserves k-connectivity. 0O

We prove the following.

Theorem 4. Let G' = (V +r,E') be a graph that is k-outconnected from r and
where the edges incident to r are all critical with respect to k-outconnectivity and
d(r) > 2k 4+ 1. Then either there exists a pair of edges incident to r which can
be split off preserving k-outconnectivity or G' is k-node connected.
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Proof. Let G’ = (V+r, E') be a simple undirected graph with a designated root
node r. For each v € V' let f(v) := 11if rv € E' and f(v) := 0 otherwise. For
some ) # X C Vet f(X)=> cx f(v). Let g(X) := [I'qr—(X)[+ f(X) be also
defined on the non-empty subsets of V', where I'c/_,(X) is the set of neighbours
of X in the graph G’ —r.

Lemma 4. G’ is k-outconnected from r if and only if
g(X) >k for every 0 £X CV. (1)
Proof. The lemma follows easily from Menger’s theorem. a

Note that the function g(X) is submodular (since it is obtained as the sum of a
submodular and a modular function). That is, g(X)+¢g(Y) > ¢g(XNY)+g(XUY)
for every X, Y C V.

In what follows assume that G’ = (V + r, E’) is k-outconnected from the
root r (k > 2) and every edge rv incident to r in G’ is critical with respect
to k-outconnectivity (that is, G — rv is no longer k-outconnected). It will be
convenient to work with the graph G = (V, E) := G’ — r and the functions
f, g defined above. By Lemma 4 a pair ru, rv of edges is admissible for splitting
in G’ (that is, splitting off the pair preserves k-outconnectivity) if and only if
decreasing f(u) and f(v) by one and adding a new edge wv in G preserves (1).
Therefore such a pair u,v of nodes in G (with f(u) = f(v) = 1) is also called
admissible. Otherwise the pair u,v is illegal. Thus we may consider a graph
G = (V,F) with a function f : V' — {0,1} for which G satisfies (1) and for
which f is minimal with respect to this property (that is, decreasing f(v) by
one for any v € V with f(v) = 1 destroys (1)), and search for admissible pairs
of nodes. A node v € V with f(u) =1 is called positive. Let F' denote the set of
positive nodes in G.

(From now on suppose that each pair z,y € F is illegal in G. It is not difficult
to see that a pair x,y is illegal if and only if one of the following holds:

(i) there exists an X C V with z,y € X and g(X) <k + 1,

(iia) there exists an X C V with z € X, y € I'(X) and g(X) = k,

(iib) there exists an X CV with y € X, z € ['(X) and g(X) = k.

A set X CV with g(X) < k+ 1 is called dangerous. If g(X) = k then X is
critical. The minimality of f implies that for every positive node z there exists a
critical set X C V with = € X. Using that ¢ is submodular, standard arguments
give the following:

Lemma 5. (1) The intersection and union of two intersecting critical sets are
both critical,

(2) for two intersecting mazximal dangeruos sets X, Y, we have g(XNY) =k
and g(XUY) =k +2,

(3) if X is maximal dangerous and Y is critical then either X NY =0 or
Y CX,

(4) for every positive node x there exists a unique mazimal critical set S,
with © € Sy,
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(5) for two sets Sy, Sy either Sy =S, or S, NSy, =0 holds,

(6) if D1,..., Dy, (m > 2) are distinct mazimal dangerous sets containing a
positive node x then D; N Dj = S, for every 1 <i < j <m,

(7) if D1,...; Dy, (m > 2) are distinct mazimal dangerous sets containing a
positive node x then g(C) < k +m, where C := U""D;. O

Note that S, = S, may hold for different positive nodes « # y € V. Focus
on a fixed pair z,y € F. If there exists a dangerous set X with property (i)
above then let M,, be defined as (an arbitrarily fixed) maximal dangerous set
with property (i). By Lemma 5(3) we have Sy, Sy C M,, in this case. If no such
set exists then there exist critical sets satisfying property (iia) or (iib). Clearly,
in this case Sy NSy = 0 and by Lemma 5(1) the union of type (iia) sets (type
(iib) sets) with respect to a fixed node pair x,y is also of type (iia) (type (iib),
respectively). Thus the maximal type (iia) set, if exists, is equal to S, and the
maximal type (iib) set, if exists, is equal to S,,. Moreover, either (S,NF) C I'(S,)
or (S; NF)CI(S,).

Lemma 6. For every x € F the critical set S, induces a connected subgraph
in G. Suppose Sy # Sy for x,y € F and let My, be a mazimal dangerous set
with x,y € My,. Then either (a) My, induces a connected subgraph in G or (b)
Myy =85, U8y, S, NSy =0, I'(My,) =I'(Ss) = I'(Sy), |[I'(Myy)| =k—1, and
F(5.) = £(S,) = 1. 0

Let us fix an arbitrary positive node z. Since every pair z,y € F' is illegal,
using our previous observations we can partition the set F' (with respect to x)
by defining four sets A, B, C, D as follows:

A={yeF:8S,=25,}

B:={ye F:M,, exists and y ¢ A},

C:={ye F: M,, does not exist and (S, N F) C I'(S,)},

D :={y € F: My, does not exist, (S; N F) C I'(Sy) and y ¢ C}.

Note that for two nodes z,y belonging to different parts of this partition we
must have S, N S, = 0. Furthermore, if z belongs to C' or D and M,, exists for
some y then S, N M, = (. These facts follow easily from Lemma 5.

Lemma 7. Let z € D. Then |I'(S;) N S.| > f(S.).

Proof. By definition, there exists a positive node w € S, — I'(S,) and hence
Z =8, — I'(S;) is non-empty. Since no node of Z is adjacent to S, we have
I1(Z)~ 8] < g(S.)— F(S.)— F(S,). By (1) and g(S.) = k this gives k < g(Z) —
F(2)+I(Z)] = [(2)+|T(Z) = S.| +[P(Z)NS2| < F(S2)+ k- [(S2)— [(S,) +
|I"(Sz) N S:|. This inequality proves the lemma. O

Now assume that z is a positive node for which f(S,) is maximal.

Lemma 8. If f(Sy) > 2 then |F| < 2k — 2.
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Proof. For a node y € C' we have (S, N F) C I'(S;) and hence y € I'(S;).
If z € D then by Lemma 7 and the choice of x we have f(S,) < f(S;) <
[I"(Sz) NS:|, hence f(D) < |I'(Sz) N (UzepS:)|- Thus |C] + |D| < |Q|, where
Q :=TI'(S:) NUecupS:. Recall that no contribution was counted twice since,
as we remarked, two sets S, S, are disjoint whenever y and z belong to different
partition classes. Furthermore, QNM,,, = ) for each maximal dangerous set M,,.
Now let us estimate the contribution of B to |I'(S;)|. If B =0, let W := S, and
m := 0, otherwise let W be the union of m distinct maximal dangerous sets, each
of the form M, for some y € B and such that B C W. Note that each positive
node in AU B contributes to f(W). Now g(W) = f(W) + |[I'(W)| < k+m by
Lemma 5 (7). Moreover, by Lemma 6 and f(S,) > 2 each maximal dangerous set
M, induces a connected subgraph and hence by Lemma 5 (6) |I'(S;) NW| > m
holds. This gives m < k— f(S,)—f(CUD). Thus f(W) < k+k—f(S.)— f(CUD),
which yields |F| = f(AUBUCUD) = f(W)+ f(CUD) <2k —2. O

In the rest of our investigations assume that f(S,) = 1 for every x € F.
If every maximal dangerous set My, (defined with respect to some fixed = €
F) induces a connected subgraph, the proof of Lemma 8 works without any
modification (except that f(S,) > 2 cannot be used in the last count) and gives
|F| <2k —1.

Let us fix a node x € F again and define the partition of F' with respect
to x as before. Focus on set B, which contains those nodes y € F' for which a
maximal dangerous set M, exists. Let us call such an M, special if it satisfies
Lemma 6 (b). Let B, := {y € B : My, is special} and let B,, := B — B;. (Note
that since S, Sy C My, and for a special M,, we have S, U S, = M,,, the set
My, is unique if it is special. Thus the bipartition By U B,, does not depend on
the choices of the M,,’s.) By our previous remark we may assume By # 0.

First suppose that B,, # () and take z € Bs,w € B,,. We claim that there
exists an edge between S, and M,,, — 5,. Indeed, since by the definition of B,,
and Lemma 6 S, has a neighbour p in M., — S, and since M, . is special, p must
be a neighbour of S, too. Let W be the union of m distinct maximal non-special
dangerous sets My, such that B,, C W and let R := U.¢p,S.. Our claim implies
that [I'(W) N R| > |Bs|. Moreover, RN (S, U I'(S;)) = 0 holds. Hence, as in
Lemma 8, we obtain f(W) < k+m—|I'(W)NR| < k+k— f(S,)— f(CUD)—|Bs|.
Thus |F| < 2k — 1 follows.

Now suppose that B, = 0. In this case |F| = |4| + |C| + |D| + |Bs| <
F(Sz) + |I'(Sy)| + |Bs| = k + |Bs| and therefore |Bs| < k yields |F| < 2k.
Suppose |Bs| > k + 1. By Lemma 6 the special dangerous sets of the form My,
and the maximal critical sets Sy, Sy, (y € Bs) have a common set K of neighbours
(of size k — 1). Moreover, f(S,) =1 for each y € F. These facts imply that in
G’ there exist k node-disjoint paths between each pair of nodes z,y of the form
x,y € KU{r}orax € KU{r},y € S, UT, where T := U,cp,S,. This proves that
the set KU{r}US,UT induces a k-connected subgraph H in G’. It is easy to see
that in this subgraph K’ := K U{r} is a cut of size k, the components of H — K’
are precisely the sets S, and S, (2 € B;), dg(r) = |Bs|+1 > k+2 and every edge
incident to r is critical with respect to k-connectivity. Finally, we show that this
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structure implies G’ = H. To see this suppose that J := G — (KU S, UT) # (.
Since S; UT has no neighbours in J, [I'(J)| < k — 1 and hence by (1) f(J) > 1
follows. Let j € F'NJ. By our assumptions j € C'U D must hold. Therefore
S;NK #0and S; N (S, UT) = . Since each node in K is adjacent to a node
in every S, (z € By), this implies k > |I'(S;)| > |Bs| > k + 1, a contradiction.
This proves the theorem via Lemma 4. 0O

Remark: Consider the complete bipartite graph K ,,—r = (A, B, E) with |A| = k
and put 7 € A. Now d(r) may be arbitrary and there is no admissible pair of
edges on r. This shows that there is no lower bound on d(r) which can guarantee
the existence of an admissible pair incident to r. To illustrate that in Theorem
4 one has to deal with a more general problem than in Theorem 3, note that if
there exists an admissible pair adjacent to r and d(r) > 2k + 1 in Theorem 3
then any fixed edge rv is part of an admissible pair. This fact was pointed out in
[7], where a strongly related “augmentation problem” was considered. However,
there are examples showing that such a strengthening of Theorem 4 fails even if
2k + 1 is replaced by 2k? — 2k.

Finally we remark that Theorem 4 implies Theorem 3 in the case of d(r) >
2k + 1. This follows by observing that if we split off a pair of edges from a
node 7 in a k-connected graph, preserving k-outconnectivity from r, we preserve
k-connectivity, as well.

3 Approximation results for minimum k-outconnected
subgraphs

3.1 Uniform cost problems

Our first goal is to give an approximation guarantee less than 2 for the following
problem.

Problem P1: Given a graph G, and a node 7, find a minimum-size subgraph that
is k-outconnected from r.

Our improved approximation guarantees for min-size k-outconnected sub-
1

graphs are based on Theorem 1 and results from [3]. We obtain a (1 + £)-
approximation algorithm for Problem P1 as follows: First, we find a minimum-
size subgraph with minimum degree (k — 1), call it (V, M). This can be done
in polynomial time via Edmonds’ maximum matching algorithm, or more di-
rectly via a b-matching algorithm (i.e., an algorithm for the degree-constrained
subgraph problem) [6, Section 11]. Second, we augment (V, M) by an inclusion-
wise minimal edge set F' C E(G) — M to obtain a subgraph H = (V.M U F)
that is k-outconnected from r. Note that every edge f € F is critical for the k-
outconnectivity of H from r. Now, we apply Theorem 1 to H and F' and conclude
that F' is a forest. (Otherwise, if F' contains a cycle C, then every node of C' is
incident to > (k+1) edges of H, since the node is incident to > (k —1) M-edges
and to 2 F-edges, but this contradicts Theorem 1.) Therefore, |F| < n — 1.
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Moreover, we have |M| < opt — [n/2], by [3, Theorem 3.5]. In detail, [3,
Theorem 3.5] shows that for every n-node k-edge connected graph, |n/2]| is a
lower bound on the difference between the size of the graph and the minimum size
of a subgraph of minimum degree (k — 1). Clearly, the optimal k-outconnected
subgraph of G, call it H*, is k-edge connected, hence [3, Theorem 3.5] applies
to H* and shows that |M| < (minimum size of a subgraph of minimum degree
(k—1) of H*) < opt — |n/2]. Hence, |[M U F| < opt + (n/2) < (k+ 1)opt/k.
Here, we used the fact that opt > nk/2, since the optimal subgraph has minimum
degree k.

This method can be extended to the following multi-root version of Problem
P1.

Problem P2: Given a graph G and a set R = {rq,...,rq} of root nodes (more
formally, an ordered tuple R of nodes) together with a requirement k; for each
root node r;. Find a minimum-size subgraph that simultaneously satisfies the
connectivity requirements of all the root nodes, that is, the solution subgraph
must be k;-outconnected from r;, for i =1,...,q.

We use k to denote max{k; | i = 1,...,q}, and k to denote the vector of
connectivity requirements (k1, ..., kq), where ¢ denotes the number of roots, |R).
By Lemma 1 there is no loss of generality in taking the number of roots ¢ to be
< k = max{k;}, and moreover, if ¢ = k then k; = ... = k, = k and the problem
becomes that of finding a minimum-size k-connected spanning subgraph.

We achieve an approximation guarantee of min{2, 1+ 2"—,;1} for Problem P2.
The approximation guarantee for the multi-root problem is obtained by combin-
ing the solution method of Problem P1 and the sparse certificate for “local node
connectivity” of Nagamochi & Ibaraki [11]. For a graph H’ and nodes v, w, let
kp (v,w) denote the maximum number of openly disjoint v<w paths. Recall
that [11] gave an efficient algorithm for finding j edge disjoint forests F, ..., F;
of G such that for every two nodes v, w, kg (v, w) > min{j, kg (v, w)}, where the
edge set of H is F} U...U Fj. This graph H has < k(n — 1) edges, while the
optimal subgraph has > kn/2 edges. Now H has k; openly disjoint v<r; paths
Yv € V, Vr; € R, because, by assumption, G has k; openly disjoint v<r; paths.
Consequently, H is k-outconnected from R, as required, and has size < 2opt.
Now consider the k"’iil—approximation algorithm. First we find a minimum-
size subgraph of minimum degree (k — 1), call it (V, M). Then, sequentially for
each of the roots r; = r1,...,74, we find an inclusionwise minimal edge set
F;, CE(G)—(FyU...UF;_1) such that (V, MUF, U...UF;) is k;-outconnected
from r;. Clearly, the solution subgraph H = (V, M U Fy U... U Fy) satisfies all
the connectivity requirements, i.e., H is k-outconnected from R. By Theorem 1,
each F; (i =1,...,q) has size < (n — 1), since each F; is a forest. Also, we have
|M| < opt — [n/2], by [3, Theorem 3.5]. Hence, |E(H)|=|MUF, U...UF,| <
opt + (2¢ — 1)n/2 < (k + 2q — 1)opt/k, since opt > kn/2 (since the optimal
subgraph has minimum degree k). This proves the following result.
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Theorem 5. There is a polynomial min{2, WTQ_I}—appmximation algorithm
for the problem of finding a minimum-size subgraph that is k-outconnected from
a set of root nodes R, where ¢ = |R| and k = max{k;}. O

Remark: Note that for |R| = ¢ < k/2, the approximation guarantee is less
than 2, and when £ is large and ¢ is small then the approximation guarantee is
significantly smaller than 2. In the case of ¢ = 1 (Problem P1) the approximation
factor equals 1 + %

3.2 Metric cost problems

Problem P3: Let G be a complete graph, and let ¢ : E(G)—*R assign nonnega-
tive costs to the edges such that ¢ is a metric, that is, the edge costs c satisfy the
triangle inequality. Given a set of root nodes R = {r1,...,r,} and connectivity
requirements k = (k1,...,ky), Problem P3 is to find a min-cost subgraph that
is k-outconnected from R.

As we remarked, for the generalization of Problem P3 where the edge costs
are nonnegative but arbitrary a 2¢-approximation algorithm is straightforward
by the result of Frank & Tardos [4], and by the 2-approximation algorithm of
Khuller & Raghavachari [9] for the single-root version of the problem. We will
not deal with the general problem but focus on the metric version and improve
the approximation factor to 4. Our result is related to [9, Theorem 4.8], but
neither result implies the other one. (Theorem 4.8 in [9] gives an approxima-
tion guarantee of (2 + 2(k — 1)/n) for the min-cost k-node connected spanning
subgraph problem, assuming metric edge costs.) Note that Problem P3 is also
NP-hard.

Theorem 6. Suppose that the edge costs satisfy the triangle inequality. Then
there is a polynomial (3+ %)-appmximation algorithm for the problem of finding
a min-cost subgraph that is k-outconnected from the set of root nodes R, where
k := max{k;} is the largest and ks is the second largest requirement.

Proof. We start by finding a subgraph H that is k-outconnected from r, with
cost ¢(H) < 2 opt. This is done via the Frank-Tardos result, as in [9]. By deleting
edges if necessary we may assume that each edge incident to r is critical with
respect to k-outconnectivity. If dg(r) > 2k +1 then by Theorem 4 either H is k-
connected or we can split off a pair of edges from r preserving k-outconnectivity.
In the former case let H be our solution. Clearly, H satisfies all the requirements
and has cost < 2opt. In the latter case we split off the admissible pair. Since c is
a metric, this will not increase the cost of our subgraph. Clearly, the admissible
pairs, if exist, can be found in polynomial time. Thus we may assume dg (r) < 2k.
The next step is to add new edges to H in order to make it ks-connected and to
satisfy all the requirements this way. The final solution will be a supergraph of
H where each edge added to H has both ends among the neighbours of r. To find
the set of new edges to be added take H and split off edges from r, preserving k-
outconnectivity, until either d(r) < 2k, holds or the graph becomes k;-connected.
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This can be done by Theorem 4. Let H' be the final graph and let E’ be the set
of new edges obtained by the splittings. Since dy (r) < 2k and dg/(r) > 2ks — 1
and dg (1) —dg (1) is even, we have |E'| < 2(k—ks)/2 = k—ks. Let C be the set
of neighbours of r in H’. Now augment H’ by adding an inclusionwise minimal
edge set F' such that the resulting graph is ks-connected and each F-edge has
both end nodes in C. Since either H' is already ks-connected or dg-(r) < 2k,
by Mader’s theorem (Theorem 2) we can see that F is acyclic and so has size
< |C] =1 < 2ks — 1. Let our solution be H” := H + E' + F, which is k-
outconnected from 7 and ks-connected and hence satisfies all the requirements
by the choice of k£ and k;.

We claim that every edge in E’ U F (in fact, every edge of the complete
graph) has cost < opt/k. To see this, observe that every solution must be k-edge-
connected and hence there exist k edge-disjoint paths between any two nodes
u,w. Each of these paths has cost at least c¢(uw) by the triangle inequality. Thus
c(H") < 20pt + (k — ks + 2ks)opt/k = (3 + E=)opt < dopt. 0
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Abstract. We consider the on-line scheduling problem of jobs with
precedence constraints on m parallel identical machines. Each job has
a time processing requirement, and may depend on other jobs (has to
be processed after them). A job arrives only after its predecessors have
been completed. The cost of an algorithm is the time that the last job is
completed. We show lower bounds on the competitive ratio of on-line al-
gorithms for this problem in several versions. We prove a lower bound of
2—1/m on the competitive ratio of any deterministic algorithm (with or
without preemption) and a lower bound of 2 —2/(m + 1) on the compet-
itive ratio of any randomized algorithm (with or without preemption).
The lower bounds for the cases that preemption is allowed require arbi-
trarily long sequences. If we use only sequences of length O(m2)7 we can
show a lower bound of 2 — 2/(m + 1) on the competitive ratio of deter-
ministic algorithms with preemption, and a lower bound of 2 — O(1/m)
on the competitive ratio of any randomized algorithm with preemption.
All the lower bounds hold even for sequences of unit jobs only. The best
algorithm that is known for this problem is the well known List Schedul-
ing algorithm of Graham. The algorithm is deterministic and does not
use preemption. The competitive ratio of this algorithm is 2 — 1/m. Our
randomized lower bounds are very close to this bound (a difference of
O(1/m)) and our deterministic lower bounds match this bound.

1 Introduction

We consider the problem of scheduling a sequence of n jobs on m parallel identical
machines. There are precedence constraints between the jobs, which can be given
by a directed acyclic graph on the jobs. In this graph each directed edge between
jobs j1 and jo indicates that j; has to be scheduled before jo. We consider an
on-line environment in which a job is known only after all its predecessors in
the graph are processed by the on-line algorithm. Each job j has a certain time
requirement w; (which is known when the job arrives). The cost of an algorithm
is the makespan, which is the time in which the last job is completed. This model
is realistic since often the running times of specific jobs are known in advance,
but it is unknown whether after these jobs, there will be need to perform jobs
that depend on some previous jobs.

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 89-97, 1998.
© Springer-Verlag Berlin Heidelberg 1998
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We compare the performance of on-line algorithms and the optimal off-line al-
gorithm that knows the sequence of jobs and the dependencies graph in advance.
We use the competitive ratio to measure the performance of the algorithm.

Denote the cost of the on-line algorithm by C,,, and the cost of the optimal
off-line algorithm by C,p:. The competitive ratio of an on-line algorithm is r if
for any input sequence of jobs: Cy,, <1 - Copy.

We consider a several models. Consider a job j which is released at time ¢
(t1 is the time that its last predecessor finished running), and has processing
time requirement w;. In the model without preemption, j has to be processed
on one machine for w; time units, starting at some time ¢, ¢ > ¢; till time ¢ 4 w;.
In the model that allows preemption, each running job can be preempted, i.e.
its processing may be stopped and resumed later on the same, or on different
machine. Thus j still has to be processed for a total of w; time units, but not
necessarily continuously, or on one machine (it cannot be processed on more than
one machine at the same time). The algorithms may be either deterministic or
randomized. For randomized algorithms the competitive ratio is r if for any
input sequence of jobs: E(Coy,) < r - Cyp. It is also possible to consider special
sequences as sequences that consist only of unit jobs, and sequences of bounded
length.

Related problems and results: The problem of scheduling a set of tasks
on parallel machines has been widely studied in many variants. In the basic
problem, a sequence of jobs is to be scheduled on a set of identical parallel
machines. The jobs may be independent or have precedence constraints between
them. They may all arrive at the beginning or have release times, or arrive
according to the precedence constraints. The running times of the jobs can be
known in advance (at arrival time) or unknown (till they are finished). It is also
possible to allow restarts (a job is stopped, and resumed later from the beginning)
or to allow preemptions. The goal is to construct a schedule of minimum length.
(There are variants with other cost functions too). All those problems, in their
off-line version are NP-hard [6].

The first one to introduce the on-line scheduling problem was Graham [38,9].
He also introduced the algorithm List Scheduling. This algorithm, each time that
some machine is idle, schedules a job that is available (if there exists such a job
which was not scheduled yet and already arrived). List Scheduling suits all the
above mentioned cases, and has the competitive ratio of 2 — 1/m. In this paper
we show that for our problem, the algorithm is optimal in the deterministic case,
and that it is almost optimal for randomized algorithms.

Our deterministic lower bounds build on the paper of Shmoys, Wein and
Williamson [15]. They consider the problem of scheduling a sequence of inde-
pendent tasks on-line. The duration of a job in unknown until it is completed,
but there are no precedence constraints between the jobs. They show a lower
bound of 2 — 1/m on the competitive ratio of any deterministic algorithm with-
out preemption. In this paper we adapt this lower bound to a lower bound of
2 — 1/m for our problem. We also build our lower bounds for deterministic al-
gorithms with preemption on some of the ideas of their lower bound. They also
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show that the same lower bound holds with preemption, and they show a lower
bound of 2 — O(1/y/m) on the competitive ratio of randomized algorithms with-
out preemption. The last lower bound can be also adapted to our problem (even
with preemption), but we show a much stronger lower bound for randomized
algorithms.

Our results: All the results apply even if the sequences may consist of unit
jobs only. Also the number of jobs, the structure, and makespan of the optimal
off-line assignment is known in advance in all lower bounds.

We prove the following lower bounds for deterministic algorithms:

— A lower bound of 2 — 1/m on the competitive ratio of any deterministic
on-line algorithm without preemption (even if the length of the sequence is
limited to O(m?)).

— A lower bound of 2—2/(m+1) on the competitive ratio of any deterministic
on-line algorithm that allows preemption (even if the length of the sequence
is limited to O(m?)).

— A lower bound of 2 — 1/m on the competitive ratio of any deterministic
on-line algorithm that allows preemption.

We prove the following lower bounds for randomized algorithms

— A lower bound of 2—2/(m + 1) on the competitive ratio of any randomized
on-line algorithm without preemption (even if the length of the sequence is
limited to O(m?)).

— A lower bound of 2 — O(1/m) on the competitive ratio of any randomized
on-line algorithm that allows preemption (even if the length of the sequence
is limited to O(m?)).

— A lower bound of 2 —2/(m + 1) on the competitive ratio of any randomized
on-line algorithm that allows preemption.

The similar results for all the models show that for this problem, neither
randomization nor preemption can help in reducing the competitive ratio. Any
algorithm would have the competitive ratio of 2 — O(1/m) which is very close
to the competitive ratio of List Scheduling.

More related work: A summary on results for many variants of on-line
scheduling problems appears in [14]. Results for the case that jobs arrive over
time appear in [1,5,15,17]. Note that [1,17] show an algorithm with competitive
ratio 3/2 even without preemption, for the case that jobs are independent, and
the durations are known in advance (unlike our case in which there is a lower
bound of 2—O(1/m) even with preemption). Moreover, if preemption is allowed,
there exists a 1-competitive algorithm [7,10,13,16]. Results on scheduling with
precedence constraints, but for other types of machine sets or jobs can be found
in [3,4,11,12]. There are also some off-line results with precedence constraints in
[2]. Note that already for a related set of machines (different speeds) the problem
of scheduling with precedence constraints is hard ( competitive ratio of £2(y/m)
[3,11]).

Structure of the paper: In section 2 we show lower bounds for determin-
istic algorithms. In section 3 we show lower bounds for randomized algorithms.
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2 Deterministic Algorithms

In this section we show a lower bound of 2 — 1/m on the competitive ratio of
deterministic algorithms with preemption. We give all the lower bounds in this
section in detail, since some of the ideas in the randomized lower bounds build on
the deterministic case. We begin with a simple lower bound without preemption.
All lower bounds use sequences of unit jobs only.

Theorem 1. The competitive ratio of any deterministic algorithm without pre-
emption is at least 2 — # This is true even if all jobs are unit jobs.

Proof. We use the following sequence: (all jobs are unit jobs). First m(m—1)+1
jobs arrive. Consider the on-line assignment. Since the total time to schedule
m(m —1) jobs is at least m — 1 units of time, there is at least one job j assigned
at time m — 1 or later, and finishes at time m or later.

After that, a sequence of m — 1 jobs ji,..., jm—1 arrives. In this sequence
the first job j; depends on j, and each job j; depends on the previous one j;_1;
(2 <i<m—1). It takes more m — 1 units of time to schedule them and thus
Con=m+(m—1)=2m— 1.

The optimal off-line algorithm would schedule j at time 0, and each j; at
time ¢ and thus can finish all m? jobs in m time units. Thus Copt = m the
competitive ratio is 2 — 1/m.

We use a longer sequence to show that the same lower bound holds with pre-
emption too.

Theorem 2. The competitive ratio of any deterministic algorithm with preemp-
tion is at least 2 — % This is true even if all jobs are unit jobs.

Proof. For an integer k, (m*+1)(m—1)+1 jobs arrive. The minimum time to run
those jobs even with preemption is at least (m* T +m—m*)/m = m*F +1-mF~1,
thus for the on-line algorithm there is at least one job j that finishes at time at
least m* + 1 — mk=1,

After those jobs, a sequence J of mF jobs, that the first one depends on j,
and each job depends on the previous one arrives. The time to run those jobs is
at least m* and thus C,,, = m* +1 — mF~1 + mk = 2mF — mF—1 4+ 1.

The optimal off-line algorithm would schedule j at time 0, and since there
are m(m” + 1) jobs, the total time to run them would be Cppe = m* + 1 (it is
possible to run j and all jobs of .J in m* + 1 time units). The competitive ratio

is 2 — m;l;:{l =2-— % — ¢ where €, — 0 when k — oo. Thus the competitive

ratio of any deterministic on-line algorithm that allows preemption is at least
2—1/m.

now we show that the strength of the lower bound almost does not depend on
the length of the sequence.

Theorem 3. The competitive ratio of any deterministic algorithm with preemp-
tion is at least 2 — mL_H This is true even if all jobs are unit jobs. And the length

of the sequence is O(m?).

Proof. We use the sequence from Theorem 2 with k£ = 1.
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2m-1

The on-line Assignment The off-line Assignment

Fig. 1. The on-line and off-line assignments for the sequence in Theorem 1

3 Randomized Algorithms

In all the proofs in this section, which are lower bounds on the competitive ratio
of randomized algorithms we use an adaptation of Yao’s theorem for on-line
algorithms. It states that a lower bound for the competitive ratio of deterministic
algorithms on any distribution on the input is also a lower bound for randomized
algorithms and is given by E(Cop/Copt). We will use only sequences for which
Copt is constant and thus in our case E(Coyn/Copt) = E(Con)/Copt-

We begin with a lower bound without preemption. note that in this section
the lower bound without preemption uses a totally different sequence than the
lower bound with preemption. It is possible the same sequence as in the first proof
in this section (Theorem 4) to get the lower bound of 2 — 1/m for deterministic
algorithms without preemption. Note that here also all lower bound sequences
consist of unit jobs only.

Theorem 4. The competitive ratio of any randomized algorithm without pre-

%. This is true even if all jobs are unit jobs.

emption is at least 2 — —

Proof. First m — 1 phases of m + 1 jobs arrive. In each phase, all jobs depend
on m jobs of the previous phase (For each phase, the subset of m jobs from the

. . 1 .
previous phase is chosen among all <m7;t ) = m + 1 possible subsets of m
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jobs with equal probability). After all m? — 1 jobs have arrived, another job that
depends on m jobs of the last phase arrives (here also the m jobs are chosen
among the m + 1 possible subsets with equal probability).

For each phase i, 0 < ¢ < m — 2, the optimal off-line algorithm schedules
the m jobs that the next phase depends on them at time ¢. all other jobs are
scheduled at time m — 1 and thus Copy = m.

Note that a phase can arrive only after all m jobs from the previous phase,
that this phase depends on them were scheduled (the important jobs in this
phase). The time to schedule a phase is 1 or 2 units of time, since if the correct
subset of m jobs is chosen, it is possible to assign the last job later and use only
one time unit. If the wrong subset was chosen, the algorithm has to use another
unit of time to complete the running of the important jobs of this phase and
uses two units of time. The last job requires exactly one unit of time. Each of
the m — 1 phases is placed correctly with probability 1/(m + 1). For each phase,
the probability to use a second unit of time is at least m/(m + 1). Thus the
expectation of the on-line cost is at least F(Copn) > m + (m — 1)(m/(m + 1)),
Copt = m the competitive ratio is at least 2m/(m +1) =2 —2/(m + 1).

Now we show the simple lower bound for randomized algorithms with pre-
emption. This lower bound uses a short sequence.

Theorem 5. The competitive ratio of any randomized algorithm with preemp-
tion 1s at least 2 — O(%) This is true even if all jobs are unit jobs, and the
length of the sequence is O(m?).

Proof. First m? jobs arrive. More m jobs j1, ..., jm, arrive so that j; depends on
a subset J of m of the m? jobs, which is chosen uniformly at random among all

2
(7:1 ) possible subsets, and for 1 < i <m — 1, j;+1 depends on j;.

Even with preemption, since each job requires one processing unit, and jobs
cannot run simultaneously, no jobs can finish before time 1 and at most m jobs
can finish at time 1. In general, at most im jobs can finish before time i + 1. Let
b1, ..., b2 be the set of the first m? jobs sorted according to their finishing time
(by finishes first). For 1 <i <m, let J; be the set bjm—m+t1, .-, bim. Each job in
a set J; cannot finish before time 7. Let I be the set of indices i such that there
is at least one job of J in J;. Let i; be the maximum index in I. We define p; to
be the probability that i = 47 for each 1 < ¢ < m. For 0 < i < m, let ¢; be the
probability that all m jobs of J are chosen among the jobs in the sets Ji, ..., J;

2
then ¢; = ™) and pi = ¢; —qi—1. Let us calculate E(C,,). For a fixed
m

value of i1 the on-line cost is at least 71 + m.

> pili+m) mmeLZ G- )

=1

mi
m

,_.

m—1 m—

m m
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m—1 m—1
_(Z(Ii)—%:?m— Z%‘
i=1 i=1

(Since > pi =1, ¢ =1 and go = 0.) Let us bound the values g;:

m
Thus
=, e(em=1t —1) 1
doai< <
— em(e—1) e—1

and E(Co,) >= 2m — 1/(e — 1). The optimal off-line algorithm would assign
all jobs in J at time 0, and get C,y; = m + 1. Thus the competitive ratio is

—O(1/m).

We combine the previous lower bound and the deterministic lower bound with
preemption to get the following lower bound:

Theorem 6. The competitive ratio of any randomized algorithm with preemp-
tion is at least 2 — —==. This is true even if all jobs are unit jobs,

Proof. For an integer k, N = (m* + 1)(m — 1) + 1 jobs arrive. Denote L =
N/m =mF +1 —mF-1. More m¥ jobs: ji, ..., j,,x arrive so that j; depends on
a subset J of m of the N jobs, which is chosen uniformly at random among all

(Z) possible subsets, and for 1 <4 < m”* —1, j;41 depends on j; and each job

in the new sequence m jobs depends on the previous one.

Even with preemption, since each job requires one processing unit, and jobs
cannot run simultaneously, at most ¢m jobs can finish before time ¢ + 1. Let
b1,...,bn be the set of the first N jobs sorted according to their finishing time
(b1 finishes first). For 1 < ¢ < L, let J; be the set biym—m+1, ..., bim. Each job in
a set J; cannot finish before time ¢. Let I be the set of indices 7 such that there
is at least one job of J in J;. Let i1 be the maximum index in I. We define p;
to be the probability that ¢ = i1 for each 1 < ¢ < L. For 0 < ¢ < L, let ¢; be the
probability that all m jobs of J are chosen among the jobs in the sets Ji, ..., J;

then ¢; = < >/<7Nn> and p; = ¢; — ¢i—1. Let us calculate F(C,,). For a fixed

value of i; the on-line cost is at least i1 + mP.

L
Z z—|—m mepi-FZi(Qi—Qifl)
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m
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m+1

The on-line Assignment The off-line Assignment

Fig. 2. The on-line and off-line assignments for the sequence in Theorem 5

L L L1 L1
=mh+Y igi— Y i) =m" + Lar + Y igi— Y (i + D
i=1 i=1 i=1 =0

L—1 L—1
:mk+L7(Zqi)—q0:mk+L72qi
i=1 i=1
(Since ZiL:1 pi =1, g, =1 and go = 0.) Let us bound the values ¢;:

m
We use the following inequality of Bernoulli:

L™ > (L — 1) 4+ (m 4+ 1) (L — 1)™
By induction we can get L™+ > S (m 4 1)i™ hence S5 g < -+
Thus

2mktt

E(Cop) >mF+L—L/(m+1)=mF4+(1—-1/(m+1))(m*—m*1+1) > 1
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The optimal off-line algorithm would assign all jobs in J at time 0, and get
Copt = m”*+1. Thus the competitive ratio is at least (2m**1)/((m+1)(mF+1)).
Since m*/(m*F*! 4 1) — 1 when k — oo, The competitive ratio is at least
2m/(m+1)=2-2/(m+1)

Acknowledgments: I would like to thank Yossi Azar and Jifi Sgall for helpful
discussions.
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Abstract. We define a class of integer programs with constraints that
involve up to three variables each. A generic constraint in such integer
program is of the form ax + by < z + ¢, where the variable z appears
only in that constraint. For such binary integer programs it is possible
to derive half integral superoptimal solutions in polynomial time. The
scheme is also applicable with few modifications to nonbinary integer
problems. For some of these problems it is possible to round the half
integral solution to a 2-approximate solution. This extends the class of
integer programs with at most two variables per constraint that were
analyzed in [HMNT93]. The approximation algorithms here provide an
improvement in running time and range of applicability compared to
existing 2-approximations. Furthermore, we conclude that problems in
the framework are MAX SNP-hard and at least as hard to approximate
as vertex cover.

Problems that are amenable to the analysis provided here are easily
recognized. The analysis itself is entirely technical and involves manip-
ulating the constraints and transforming them to a totally unimodular
system while losing no more than a factor of 2 in the integrality.

1 Introduction

We demonstrate here for a given class of integer programming problems a unified
technique for deriving constant approximations and superoptimal solutions in
half integers. The class is characterized by formulations involving up to three
variables per constraint one of which appears in a single constraint. Such problem
formulations have a number of interesting properties that permit the derivation
of lower or upper bounds that are of better quality than the respective linear
programming relaxations, and that can be turned in some cases into feasible
solutions that are 2-approximate.

The integer programs described here have a particularly structured set of
constraints, with a generic constraint of the form axz + by < z + ¢. Note that
any linear optimization problem, integer or continuous, can be written with at
most three variables per inequality. The generic constraints here have one of
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the variables appearing only once in a constraint. We call such structure of
the set of constraints the 2var structure. The paper describes an analysis of
such problems based on manipulating the constraints and transforming them
to a totally unimodular system. The outcome of this process is a polynomial
algorithm that delivers a superoptimal solution to all integer programs with
2var constraints that has the variables on the left hand side as integer multiple
of %, and the variables on the right hand side, z as an integer multiple of %%
where U is the number of integer values in the range of the variables  and y.
In the case of binary problems there is an exception with the value U = 2 with
z being an integer multiple of % (although there are two integer values for each
variable). Being superoptimal means that the solution’s objective value can only
be better (lower) than the optimum (for minimization problems).

When it is possible to round the % integral solution to a feasible solution
then a 2-approximate solution is obtained.
Applications and 2-approximations based on the technique. The class of
problems addressed by the technique described expands substantially the class
treated in [HHIMNTO3]. There we demonstrated that % integral solutions and 2-
approximations are always obtained in polynomial time for minimization (with
nonnegative coefficients) integer programs with at most two variables per in-
equality. For these problems a feasible rounding always exists provided that
the problems are feasible. The technique of [[TMNT93] was shown applicable to
the vertex cover problem and the problem of satisfying a 2SAT formula with
the least weight of true variables. Here and in other papers we demonstrate
2-approximations for additional problems:

— minimum satisfiability. In the problem of minimum satisfiability or MIN-
SAT, we are given a CNF satisfiability formula. The aim is to find an as-
signment satisfying the smallest number of clauses, or the smallest weight
collection of clauses. The minimum satisfiability problem was introduced by
Kohli et. al. [[KKM94] and was further studied by Marathe and Ravi [MR96].
Marathe and Ravi discovered a 2-approximation algorithm to the problem,
that can be viewed as a special case of our general algorithm for problems
with two variables per inequality.

— Scheduling with precedence constraints, [CT197].

— Biclique problems. Minimum weight node deletion to obtain a complete bi-
partite subgraph — biclique [[Hoc97]. With the use of the technique described
here we identified the polynomiality of the problem on general graphs when
each side of the biclique is not required to form an independent set. When this
requirement is introduced the problem is NP-hard and a 2-approximation
algorithm is given. Another variant of the biclique problem is the mini-
mum weight edge deletion. This problem is NP-hard even on a bipartite
graphs. All variants of this problem considered in [[Toc97] are NP-hard and
2-approximable.

— The complement of the edge maximum clique problem. This problem
is to minimize the weight of the edges deleted so the remaining subgraph is
a clique, [Hoc97].
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— Generalized satisfiability problems, [[{1P97].

— The generalized vertex cover problem, [[Toc97a].

The t-vertex cover problem. [[Toc9g].

The feasible cut problem. The 2-approximation for this problem is illus-
trated here.

The last three items on the list are problems that have three variables per in-
equality. The technique delivers % integral solutions as well as polynomial time
2- approximation algorithms for these problems. All the approximations listed
are obtained using a minimum cut algorithm, and thus in strongly polynomial
time.

The problems that fall in the class described here and are NP-hard are
then provably at least as hard to approximate as the vertex cover problem (see
[HMNTO3] and [Hoc96]). Therefore an approximation factor better than 2 is
only possible provided that there is such approximation for the vertex cover.

1.1  The Structure of 2var-Constraints

2var constraints contain two types of integer variables, a vector x € IN" and
z € IN™2. We refer to them here as z-variables and z-variables respectively. A
2var constraint has at most two x-variables appearing in it. The z-variables can
appear each in just one constraint.

We refer to integer problems of optimizing over 2var constraints as [P2. A
formulation of a typical IP2 is,

Min Z?Zl w;T; + > ez

subject to a;x;, + bixy, > ¢ +diz; fori=1,...,m
(IP2) Ejngg Uj j:l,...,n
z; integer t=1,...,mso
x; integer j=1,...,n.

A parameter of importance in the analysis is the number of values in the
range of the x-variables, U = maxj—1, n(u; —¢; +1). We assume throughout
that U is polynomially bounded thus permitting a reference to running time that
depends polynomially on U as polynomial running time.

An important property of 2var inequalities that affect the complexity of the
IP2 is monotonicity:

Definition 1. An inequality ax — by < ¢ + dz is monotone if a,b > 0 and
d=1.

The IP2 problem was studied for D = max|d;| = 0 in [[IN94] and in
[IMNT93]. For such problems there are only z-variables and at most two of
them per inequality. Hochbaum and Naor [[IN94] devised a polynomial time algo-
rithm to solve the problem in integers over monotone inequalities. For (nonmono-
tone) inequalities with at most two variables per inequality, D = 0, Hochbaum,
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Megiddo, Naor and Tamir described a polynomial time 2-approximation algo-
rithm. These results are extended here for D > 1.

An important special case of IP2 where the value of U affects neither the
complexity nor the approximability is of binarized IP2:

Definition 2. An IP2 problem is said to be binarized if all coefficients of the
variables are in {—1,0,1}. Or, if B = max;{|a;|, |bi],|d:||} = 1.

Note that a binarized system is not necessarily defined on binary variables. The
value of U may be arbitrarily large for a binarized IP2 without affecting the
polynomiality of the results as proved in our main theorem.

1.2 The Main Theorem

For TP2 over monotone constraints that is binarized we describe a polynomial
time algorithm solving the problem in integers. The polynomial algorithm for the
monotone IP2 is used as a building block in the derivation of the superoptimal
solution and approximations of nonmonotone problems.

For nonmonotone constraints a polynomial time procedure derives a super-
optimal half integral solution for the x-variables in which the z-variables are an
integer multiple of ﬁ. If that solution has a rounding to a feasible integer so-
lution, and the objective function coeflicients are nonnegative then that solution
is a 2-approximation, or for arbitrary D and U it is a 2DU-approximation.

For an integer program over 2var constraints, the running time required for
finding a superoptimal half integral solution can be expressed in terms of the
time required to solve a linear programming over a totally unimodular constraint
matrix, or in terms of minimum cut complexity. In the complexity expressions
we let T'(n, m) be the time required to solve a minimum cut problem on a graph
with m arcs and n nodes. T'(n, m) may be assumed equal to O(mnlog(n?/m)),
[GT88]. For binarized system the running time depends on the complexity of
solving a minimum cost network flow algorithm Tj(n,m). We set T} (n,m) =
O(mlogn(m + nlogn)), the complexity of Orlin’s algorithm [Or193].

Let T = T(2 Z;—L:l[uj‘ - éj], 2m1(U - 1) + 2m2U2) and T1 = T1(2 Z;—l:l[’u,j -
;],2m1U + 2ma(U + 1)?). The main theorem summarizing our results is,

Theorem 3. Given an IP2 on m = mi + mo constraints, x € Z™ and U =
maszlwn(uj — gj + 1)

1. A monotone IP2 with D <1 is solvable optimally in integers for
— U =2, in time T(n,m).
— Binarized IP2 in time T1(n,m).
— Otherwise, in time T'.
2. For nonmonotone IP2 with D < 1, a superoptimal fractional solution is
obtainable in polynomial time:

— For U = 2 a half integral superoptimal solution is obtained in time
T(2n,2m).
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— For binarized IP2, a half integral superoptimal solution is obtained in
time T1(2n,2m).

— Otherwise, a superoptimal solution that is integer multiple of% for the
x-variables, and integer multiple of % for the z-variables is obtained in
time T.

3. Given an IP2 and an objective function min wx + cz with w,c > 0.

— For D =0, if there exists a feasible solution then there exists a feasible
rounding of the % integer solution, which is a 2-approrimate solution
obtainable in time T, [HMNTI3].

— For binarized IP2, if there exists a feasible rounding of the fractional so-
lution, then any feasible rounding is a 2-approximate solution obtainable
i time T}.

— For D > 0, if there exists a feasible rounding of the fractional solution,
then any feasible rounding is a 2DU -approximate solution obtainable in
time T. If U = 2 the solution is 2D-approximate.

2 The Algorithm

The algorithm solves the monotone IP2 problem in polynomial time using min-
imum cut or maximum flow algorithm. This is done by transforming the mono-
tone constraints to an equivalent system that is totally modular but contain a
larger number of constraints by a factor of U.

For NP-hard instances of IP2, those containing nonmonotone constraints,
we employ a monotonizing procedure. This procedure is a transformation of
the 2var constraints to another set of constraints with totally unimodular ma-
trix coefficients. The transformed problem can then be solved in integers. The
transformation back to the original polytope maps integers to half integers for
the z-variables. Those can be rounded, under certain conditions, to a feasible
solution within a factor of 2 of the optimum.

Algorithm IP2 described in Figure 1 works in two phases: Phase applies a
process of “monotonizing” (step 1) the inequalities and “binarizing” (step 2)
the variables. The second phase recovers the values of the fractional solution
that is half integral for the z-variables and an integer multiple of ﬁ for the
z-variables.

2.1 Monotonizing

Consider first a generic nonmonotone inequality az + by < ¢ + dz. It can be
assumed that z is scaled so that d > 0 and its objective function coefficient is
positive. If the inequality is reversed, ax+by > c+dz, z is simply set to its lower
bound. Replace each variable z by two variables, ™ and z~, and each term dz
by 2z’ and z”. The nonmonotone inequality is then replaced by two monotone
inequalities:

art —by” <c+2, —ar” +byt <c+ 2.

The upper and lower bounds constraints £; < x; < u; are transformed to
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Algorithm IP2 (min{ay : By < c})

1. Monotonize using the map f:y —y*,y~, B'y <c'.

2. Binarize , By <0

3. Solve min{a’y : B”y < 0} in integers. Let optimal solution be y*, 3.
4. Recover fractional solution § to {By < c} by applying f~ (37,5 7).

5. Round. If a feasible rounding exists, round y to y*.

Fig. 1. Schematic description of the algorithm IP2

+ —
éjng < u; —uj<:vj < =45

In the objective function, the variable x is substituted by %(,T"_ —z7) and z is
substituted by (2" + z").

Monotone inequalities remain so by replacing the variables x and y in one
inequality by ™ and ™, and in the second, by = and y~, respectively. The
variable z is duplicated:

art —byt <c+ 72
ar” —by” <c+2".

It is easy to see that if ¥, 27, yT,u" 2", 2" solve the transformed system,
then z = (2" —27),y = 2 (y* —y ), 2 = 5(2' + 2”) solve the original system.

2.2 Binarizing

The transformed monotonized and binarized system has the property that every
extreme point solution is integer. The process of conversion of the system of
inequalities to a system that has all coefficients in {0, —1,1} is referred to as
binarizing. This process can be applied to a 2var system of inequalities whether
or not it is monotonized. For simplicity we describe the binarizing of monotonized
inequalities.

“Binarizing” is a process transforming the monotonized system to inequalities
of the form

i —x; <0or m; —x; < 25 .

We start by replacing each x-variable x;, £ < z; < u, by u— ¢ binary variables
:vl(-”l), o 7:101(-“) so that z; = f—l—:vl(-”l)—i—xglﬂ)—i—. . .+:C§u), and so that x; > kxgk).
The values of :vl(-”l), - 7:101(-“) form a consecutive sequence of 1s followed by a
consecutive sequence of 0s. Each of these sequences could possibly be empty.

This structure is enforced by including for each variable x; the inequalities,

xgk) > :1:1(.]”1) fork=14¢...,u—1, (1)
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where xgé) =1.

For a linear objective function with z;’s coefficient w, the term wz; is replaced
by,
(€+1)

%

u)

wl + wx +... twx,

Binarizing az; — bz; < ¢: Consider the monotone inequality az; — bx; < c. This

inequality enforces for each value p; € [¢;, u;] the implication: if x; > p;, x; must
satisfy for p; a function of p;,

ap; — ¢

> 5 1=p;. (2)

Ly
In other words, the implications

xgp'i) =1 = xgpj) =1 for all p; € [¢;,u;]

are equivalent to the inequality ax; — bx; < c. If p; > u; then the upper bound
on z; is updated by setting, x; < p; — 1 and u; < p; — 1. To satisfy the set of
implications it suffices to include the inequalities, gcg-p 7) > gcl(-p ). We append the
set of inequalities (1) with up to min{u;, u;} inequalities, Vp; € {¢;, ..., u;} such
that p; € {Ej, R ,Uj},

xg_pj) > xl(pi)_ (3)

The set of inequalities (3) is equivalent to the inequality ax; — bx; > c.
Binarizing az; — bz; < dz + c: Consider an inequality with three variables, ax; —
br; < dz’ + c. First we substitute dz’ by another variable z, thus deriving the
inequality az; — bx; < z 4+ c. We assume that z’s coefficient in the objective
function is positive, else we can fix z at its upper bound, u,, in an optimal
solution.

Since the procedure is somewhat involved, we describe it here only for the
case when z is binary. The general case is described in [[Toc97a].

z binary: Let p; be a function of p; as in (2). If :cl(-pi) =1 and

ap; —c—1 ap; — ¢

pj—1=7 | <[——1=p;

then, if z = 1, x§-pj) can be 0 (that is x; < p; — 1 rather than x; > p;). If the

strict inequality is not satisfied then z = 0 in any optimal solution. The condition

is enforced by setting z = 1 whenever xgp D =1 and xE-p 7)

by satisfying the inequality xgp D gcg-p 7) < z. Since in the case considered z
cannot be great than 1, z; must be at least p; — 1 and we add the inequality

xEPz‘) < xg-pjil).

= 0, or equivalently,

Now inequality :cgpi) — 2P < z with z in the right hand side may appear a

number of times. There could be as many as U inequalities with z in the right
hand side. Such set of inequalities is not totally unimodular. To convert it into a
totally unimodular system we treat each occurrence of z as a separate variable,
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Z(p) and set 2 =37, . Z(p,). If there are several inequalities for z with the
same p; value then all but the one with the lowest p; value are redundant. This
argument leads to the conclusion that the number of inequalities can be no larger
than U. Consequently, each occurrence of z(,, is assigned % of the cost of z in
the objective function. This guarantees that the objective function is a lower
bound on the integer optimum.

2.3 The Network

Here we show that the totally unimodular system of inequality constraints is
solvable by a minimum cut algorithm.

Theorem 4. The integer problem on a monotone binarized system of inequal-
ities is solvable by minimum s,t-cut algorithm on an appropriately defined net-
work.

The monotonized problem can be solved in integers using linear programming.
Instead, we create a network where the source set of a minimum cut corresponds

to an optimal solution to the monotonized binarized system.

Each binary variable xl(k) has an associated node in the graph. For each vari-

able x; there is a node for the lower bound /;, ). All lower bound nodes are
connected to a dummy source node, s, with infinite capacity arcs. This guaran-
tees that the lower bound nodes are always in the source set of any finite cut. In
fact all these nodes can be shrunk with the source and not be present explicitly
in the graph. We refer to their presence only to facilitate the presentation.

There is a chain of infinite capacity arcs, each going from xz(-kH) to xgk). We
refer to these collections of arcs for each x; as the x;-chain. These represent the
set of inequalities (1) in the sense that any finite cut that contains any node in
the source set also contains all of its successors and thus represent a solution
satisfying these inequalities.

Each node has weight which is the objective coefficient associated with its
corresponding variable. These weights are permitted to be either positive or
negative. The lower bound nodes assume the value w;¢;, and every other node in
the chain has the weight w;. There are arcs of capacity |w| from s to each node
of negative weight w, and arcs of capacity w from each node of positive weight
w to t. With those additional arcs, a minimum s, t-cut is shown to correspond
to an optimal solution to the monotonized system as described next.

The set of inequalities (3) is represented by arcs of capacity oo from node p;
of z; to node p; of z;. These are shown in Figure 2(a).

The network for an inequality involving z is depicted in Figure 2(b). This
includes the case of these variables being non binary. For z binary there is only
one arc corresponding to z originating at each node in the chain.

The next Lemma is proved in the full version of this paper.

Lemma 5. The source set of any finite cut in the network corresponds to a
feasible integer solution to the system of inequalities.
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Fig. 2. The network for z; and z;

To recover the values of the z and z-variables we set for each node in the
source set the corresponding value of 1 to the associated variable, and 0 to those
in the sink set. The following equations are then used to recover the values of
the x and z variables.

g =0+ 20D L 6D )
(q) _ (@)
2 = Z Z(pi)
£i<pi<u;
1 _
e =L+ (1) = )2 + (2(2) - 2(1)2) + .+ (2(0) — 2( - 1))2 D).

Lemma 6. The minimum s,t-cut in the network constructed corresponds to
an optimal solution to the monotonized IP2 with the objective miny  w;x; +

. CijZij-
Proof. jFrom the previous lemma the source set of a finite cut represents a

feasible solution. Consider a finite cut (S,7") in the network, and let the sum
of all the negative node weights be W, W = 3 __,(—w;). Note that W is a

constant. Let C'(S,T") be the capacity of the cut.

C(S.T) = ij>0,jes wj + Zwi<0,ieT(_wi) + ZieS,jeT Cij
= Zwi<o(_wi) - Zwi<0,i€s(_wi) + ij>0,j€S wj + ZieS,jeT Cij
=W+ Z]‘es wj + ZieS,jeT Cij-
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Hence minimizing the cut capacity is equivalent to minimizing the sum of
weights of nodes in S plus the capacity of the arcs in the cut separating S from
T, which is precisely the value of our objective function. ad

3 Minimum Capacity Feasible Cut

The feasible cut problem was introduced by Yu and Cheriyan [YC95]. In this
problem we are given an undirected graph G = (V, F) with nonnegative edge
weights, ¢;;j, k pairs of “commodities” vertices {s1,%1;...; sk, t;} and a specified
node v*. The problem is to find a partition of V, (S, S), so that v+ € S and so
that for every commodity pair sy, t¢, has at most one node in S, and such that the
cost of the cut C(S,S) is minimum. Yu and Cheriyan proved that the problem
is NP-hard and gave a 2-approximation algorithm. Their algorithm requires to
solve a linear program that, as we show here, has optimal solution consisting of
half integrals.

Our treatment of the feasible cut problem is applicable to a generalized form
of the problem permitting a directed graph and weighted nodes and k commodity
sets of nodes T1, ..., Ty where |Ty| > 2 for £ = 1,..., k. The generalized feasible
cut problem is to find a partition of the V in a (directed) edge weighted graph
G = (V,A), (S,95), so that v+ € S and so that every commodity set, Ty, has at
most one node in 9, and the cost of the cut C(S, S) with the cost of the nodes
in the source set is minimum. The undirected version can be formulated as a
directed one by replacing each edge {7, } by a pair of arcs (i,5) and (j,i) of
equal cost ¢;; = cj;. Let x; = 1if i € S and 0 otherwise.

Min Do jyea CigZig 2 jey Wit
subject to x; — T < Zij (’L,_]) cA
(Feas-Cut) Tp, +Tq, <1 prgeeTyforl=1,..k
Tyx = 1

x;,2; binary for all 4, j.

The constraints in Feas-Cut have the 2var structure. To see that the formulation
is valid, observe that for an optimal solution x* the set S = {j : 25 = 1} forms
the desired cut. Note that S # V as required since all vertices in a commodity
set but one, must assume the x value 0. We can now monotonize and solve with
linear programming. Better still, we construct a network in which a minimum
cut where vx is at the source set of an optimal solution. Figure 3 illustrates
the basic gadget in the network for feasible cut. In the figure, each inequality
in the first set of inequalities corresponds to the two horizontal arcs, and each
inequality in the second set corresponds to the diagonal arcs.

After deriving the % integral optimal solution X,z we round it to a feasible
solution: The values of z that are % are all rounded up to 1 and the values of x
that are % are rounded down to 0. Denote this feasible rounded solution by x*, z*
and the optimal solution value by OPT. This rounded solution is 2-approximate:

Zcijzfj + ijx;*- <2 Zcijéij + ijj;j < 2.0PT.
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Fig. 3. Feasible cut

As for the complexity, the problem is finding a minimum cut with a specified
source on a network with O(n) nodes and O(M) arcs for M = |A| 4+ SF (|:g¢|)_
This problem can be solved in the same complexity as a single maximum flow
problem in O(Mnlog %) using the algorithm of Hao and Orlin [FHO94].

4 Conclusions

Algebraic manipulation of the constraint matrix of some integer programming
formulations is shown an effective approximation algorithmic tool. It is hence
useful to focus on alternative formulations of problems and perhaps other types
of reductions to totally unimodular matrices.

Tt is intriguing that there are additional half integrality results of [GVY93a]
and [GVY94] for multiway directed cuts on edges or nodes (all pairs multicut)
and for multicut on trees that we cannot explain with the framework proposed.
These might perhaps be explained by reductions to other types of totally unimod-
ular matrices. Another possibility is that there exists another 2var formulation
that so far we failed to identify.

There are other problems for which we know of 2-approximations but not of %
integrality. These include the vertex feedback problem (undirected), the k-center
problem and the directed arc feedback set with an objective to maximize the
weight of the remaining arcs in the acyclic graph (see [Hoc96a] for descriptions of
these problems and approximation algorithms). Are % integrality results possible
for these problems? At this point the question remains open.
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Half Integrality Framework with Budget
Constraints *

Dorit S. Hochbaum

Department of Industrial Engineering and Operations Research, and Walter A. Haas
School of Business, University of California, Berkeley
dorit@ieor.berkeley.edu

Abstract. In earlier work we defined a class of integer programs with
constraints that involve up to three variables each and showed how to de-
rive superoptimal half integral solution to such problems. These solutions
can be used under certain conditions to generate 2-approximations. Here
we extend these results to problems involving budget constraints that do
not conform to the structure of that class. Specifically, we address the ¢-
vertex cover problem recently studied in the literature. In this problem
the aim is to cover at least t edges in the graph with minimum weight
collection of vertices that are adjacent to these edges.

The technique proposed employs a relaxation of the budget constraint
and a search for optimal dual multiplier assigned to this constraint. The
multipliers can be found substantially more efficiently than with ap-
proaches previously proposed that require the solution of a linear pro-
gramming problem using the interior point or ellipsoid method. Instead
of linear programming we use a combinatorial algorithm solving the min-
imum cut problem.

1 Introduction

The t- vertex cover problem is a generalization of the well known vertex cover
problem. In the vertex cover problem we seek in a graph a set of nodes of
minimum total weight, so that every edge in the graph has at least one endpoint
in the set selected. The partial vertex cover problem, or the - vertex cover seeks
a subset of nodes that covers at least ¢ edges in the graph at minimum total
weight. For a graph G = (V| E) when ¢ = |E| the t- vertex cover reduces to the
ordinary vertex cover problem.

The ¢- vertex cover problem has been studied by Petrank [Pet94]. Recently
Bshouty and Burroughs [BB9g] proposed a 2-approximation algorithm for the
problem with complexity of O(|V[*? +|V|" log B) for B the largest coefficient in
the problem formulation.
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We demonstrate here that a 2-approximation algorithm for the problem fol-
lows from the 2-approximation algorithm for the Generalized Vertex Cover es-
tablished by Hochbaum in [Hoc96]. In that work a framework was developed
for generating superoptimal half integral solutions to a large class of problem
formulations in strongly polynomial time. That superoptimal solution provides
a bound on the optimum that is only better than the linear programming re-
laxation bound and is more efficient to compute. Although the t-vertex cover
problem does not have the constraint structure require for the class of problems
to which the technique is applicable - the so-called 2var structure - it is never-
theless possible to extend the same technique to the t-vertex cover by relaxing
the one constraint that violates the 2var structure. Furthermore, the t-vertex
cover problem is an illustration of extending the instances of problems with the
2var structure by adding a budget constraint or a fixed number of budget con-
straints. The 2-approximation algorithm generated by the technique is strongly
polynomial and uses any combinatorial maximum flow minimum cut algorithm
as subroutine.

The complexity of our 2-approximation algorithm for the ¢- vertex cover is
O(logn) calls to an algorithm solving the minimum cut problem. Algorithms
such as the push/relabel algorithm of Goldberg and Tarjan [G'T88] can be used

. . . 2
to achieve running time of O(mnlog - logn).

Notation. The graph G = (V, E) is undirected, yet we use the notation (4, j) for
an edge without implying an ordering. We use the standard notation of n = |V/|
and m = | E|. For every problem instance P the notation opt(P) is used to denote
the optimal solution value of P.

1.1 About the Vertex Cover Problem

The vertex cover problem was among the first to be proved NP-complete, [[{ar72].
The first approximation algorithm for the unweighted problem is due to Gavril.
The first 2-approximation algorithm for the weighted problem is due to
Hochbaum [Hoc82]. That algorithm is based on solving the linear programming
relaxation of the problem, or more precisely, the dual to the linear programming
relaxation. The linear programming solution can be substituted by a solution
to a certain associated minimum cut problem. That solution corresponds to a
half integral solution that can be rounded up to a 2-approximate solution and
has some additional strong properties (e.g. the integer components retain their
value in an optimal solution).

The vertex cover problem and related approximation techniques are surveyed
in [HHoc96a]. In [[Hoc96] we introduced the half integrality framework for integer
programming problems with up to three variables per inequality. This frame-
work generalizes the results for the vertex cover problem. A by-product of the
analysis is that any problem of this type is at least as hard to approximate as
the vertex cover problem. It was conjectured in [[Toc83] that it is not possible to
approximate vertex cover with a factor smaller than 2 in polynomial time unless
NP=P. This conjecture is still unsettled today and it applies to all problems
with the 2var structure. We sketch next the half integrality framework.
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1.2 The Half Integrality Framework

Hochbaum [[Toc96] defined a class of integer programs on bounded variables with
constraints that involve up to three variables each. A generic constraint in such
integer program is of the form ax 4 by < dz + ¢, where the variable z appears
only in that constraint. For such integer programs an algorithm delivering half
integral superoptimal solutions in polynomial time was devised. For some of these
problems it is possible to round the half integral solution to a 2-approximate
solution. This class of integer programs contains numerous examples including
the feasible cut problem, satisfiability problems, the biclique problem and the
sparsest cut problem.

We call the constraint structure of problems in the framework — the 2var
structure. For any problem with the 2var structure we use a construction that
casts the problem as a certain minimum cut problem. The optimal solution
to the cut problem corresponds to a solution that is integer multiple of half.
Moreover, that half integral solution is superoptimal to the integer problem,
meaning that its value is a lower bound on the integer optimum solution. For
many of the problems we studied a certain rounding scheme leads to a feasible
solution which at most doubles the value of the objective function. When such
rounding exists the resulting integer solution is a 2-approximation.

2 The t-Vertex Cover Problem

In the t-vertex cover problem the aim is to cover at least ¢ edges with a minimum
cost collection of vertices adjacent to them. An edge is said to be covered by a
vertex if the vertex is an endpoint of the edge.

The t-vertex cover problem is closely related to Generalized Vertex Cover in
that not all edges must be covered. In Generalized Vertex Cover the amount of
coverage is controlled via a penalty to the objective function associated with the
uncovered edges:

Min Z]EV wjxj +Z(i,j)€E Cijzij
(Gen-VC) subject to x; +x; >1—2z; (i,j) €E
x;,2;; binary for all ¢, j.

The Generalized Vertex Cover is 2-approximable since a fractional half integral
solution can always be rounded up while maintaining feasibility.

We set z;; to be a binary variable that is equal to 1 if the edge (i, ) is not
covered, and 0 if it is covered. Let x; be a binary variable that is 1 if vertex j
is in the cover. The requirement of covering at least ¢ vertices is expressed as a
“budget” of at most m — ¢ uncovered edges. The formulation of the problem is,

Min 3 ey wjz;
subject to z; +x; >1—2; (i,j) € F

(-V0) D(ijyer Fig Sm—t

24, 235 binary for all 7, j.
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Clearly the t-vertex cover problem does not have the 2var structure: The budget
constraint, E(i)j)eE z;j < m—t, has m variables instead of the allotted maximum
of three, and each variable z;; appears in two constraints — once in the budget
constraint and once in the appropriate edge constraint.

One useful property of an optimal solution of ¢-VC is,

zi; = max{l — x; — x;,0}.

This property is shared also by the linear programming relaxation of the problem
LP ¢-VC discussed in the next subsection.

Another property is that there is always an optimal solution in which the
budget constraint is binding. This is obvious since if the budget constraint were
not tight than it would have been always possible to increase the values of
some variables z;; without affecting the feasibility or the value of the objective
function.

2.1 The Linear Programming Relaxation

Consider first LP ¢-VC — the linear programming relaxation of the ¢-VC problem
in which the integrality requirement has been replaced by, 0 < z; < 1 and
0 S Zij S 1.

In our analysis the dual multiplier of the budget constraint, Z(i7 feB %ij =
m — t plays an important role. For the problem LP ¢-VC, when ¢ > 0 the dual
multiplier is positive and the complementary slackness conditions imply that the
constraint must be binding. We have thus established,

Lemma 1. There exists an optimal solution to the linear programming relaz-
ation LP t-VC in which the budget constraint is satisfied with equality.

Thus budget constraint is satisfied with equality for a linear programming
optimal solution.

For the formulation of LP ¢-VC the resolution of the solution is determined
by the following result:

Lemma 2. The largest value of the denominator in a basic solution to LP t-VC
s 2m.

Proof: The size of the denominator is determined (via Cramer’s rule) by the
value of the largest (nonseparable) subdeterminant of the constraint matrix. The
largest subdeterminant of the constraints that have at most two nonzero entries
per constraint that are of absolute value 1 is at most 2, [IMNT93]. Adding the
budget constraint can increase the absolute value of the largest subdeterminant
by a factor of m at most.
O
It will be necessary in our analysis to ensure the uniqueness of the optimal
solution and one-to-one relationship between the dual multiplier and an inter-
val of values of Z(i) jyer %ij- To that end we use a known theorem of linear
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Objective
value |

L

172 2 Zij

Fig. 1. The parametric linear programming relaxation objective value as a func-
tion of the number of uncovered edges

programming establishing that there exist a small enough perturbation of the
objective function coefficients so that the resulting optimal solution is unique.
The perturbed linear programming relaxation is:

Min jev Wil +€)x + X hyer €%
subject to z; +x; >1—2; (i,j)€F
Zij S m—t

(LP ¢t-VC)
Z(i,j)eE
x;,2;; binary for all i, j.

The perturbation is such that e; > es... > €, and all ¢; < €,. Arranging

the edges in arbitrary order ej,...,e,,, one possible assignment of values is
o (Lyi — (L \n+J
€ = (57) and e, = (577)" 7.

We will be concerned with the behavior of the optimal solution to LP ¢-VC
as a function of m — ¢t. When ¢ = 0 the optimal solution value is 0. As the
value of ¢ grows (and the value of m — ¢ becomes smaller) the optimal objective
value becomes larger. The optimal solution as a function of the parameter m —t
is piecewise linear and convex. We will investigate later the positioning of the
breakpoints of this function. A description of the parametric optimal solution is
given in Figure 1.

Let A be the dual multiplier associated with the budget constraint. At an
optimal solution A\* and z7; the complementary slackness conditions imply that,

N(m—t)— > 25 =0.

(i,))eR
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Since A* > 0 for ¢t > 0 it follows that the budget constraint is satisfied with
equality for any optimal solution of the linear programming problem.

2.2 The Lagrangean Relaxation

We now relax the budget constraint in LP #-VC with a nonnegative Lagrange
multiplier A. The resulting relaxation for a specified value of A is,

Min > ey wi(l+e)zj + 3 ep(A+ €)zi—A(m — 1)
(t-VC,) subject to x; +x; >1—2; (i,j) €FE
0<ziz;<1 foralli,j.

For any value of A, opt(t-VCy)<opt(LP #-VC). The optimal value of ¢-VCy is
a lower bound to the optimal solution to the linear programming relaxation
LP t-VC. This relaxation is also so-called strong Lagrangean relaxation in that
there exists a value of A for which the Lagrangean relaxation solution has the
same value as the linear programming relaxation optimum. This follows from
our observation that there is always an optimal solution to LP ¢-VC in which the
budget constraint is binding.

The relaxed problem has the 2var structure and therefore has an optimal
solution that is half integer. We can thus replace in the relaxation the constraint
0 < 24,255 <1 foralli,j by 0 < a;,2 € {O,%,l} for all ,j. We call the
resulting problem %t—VC a- If the budget constraint is binding

opt(t — VC) > opt(it — VCy-) = opt(t — VCx+) > opt(LPt — VC).

In other words, the relaxation on the half integers is only a tighter relaxation
than the linear programming relaxation.

Consider again Figure 1: Every value of A corresponds to the slope of one
of the line segments in the parametric objective function. The value of the re-
laxation for one of these values is always attained at the rightmost end of the
interval as there the objective value is the smallest.

The constant term A(m—t) can be omitted from the objective function. Once
this term is omitted, the relaxed problem is an instance of Generalized Vertex
Cover for any given value of A with ¢;; = A + €;;. For this reason it is possible
to solve the relaxation in half integers more easily than the linear programming
relaxation.

Lemma 3. There exists a \* such that opt(t — VCy+) = opt(LP t-VC).

3 The 2-approximation Algorithm

The algorithm searches for smallest value of A so that when the problem ¢-VC,
is solved for z7; then Z(i)j)eE z; < m —t. We show how to solve the relaxation
in half integers so that the budget constraint is binding and demonstrate the
existence of rounding of the variables to a feasible integer and 2-approximate
solution.

For convenience, we use here the notation for the perturbed coefficients,

w;- = ’LUj(l —I—Ej) and )\ij = )\‘FEZ‘j.
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3.1 The Algorithm for Solving the Relaxation for a Given A

The technique of “monotonizing” described in [Hoc96] is applied to the relax-

ation.: Each variable z; is replaced by two variables x;r and z;, such that
P

r; = 2 ZIJ with x;r € [0,1] and z; € [~1,0]. Each variable z;; is replaced by

’ 1"
: / 7 _ Zitzi / "o
two variables z/; and z{; so that z;; = =5~ and both z;; and 2} in [0, 1]. The

formulation of the relaxation in the new set of variables called monotonized ¢-VCy
is,

Min Yjev swiz) + Yjev JWiT; + 5 > ger i (2 + 215)
subject to  x] — r; >1—z; (,j)€FE
—x; —l—x;' >1—z5 (i,j)€E
0< xf,z;j,z;; <1, -1<z; <0 foralli,j.

To verify that this formulation is equivalent to t-VC, observe that adding up the
two inequalities for a given (4, j) results in 2x;+2x; > 2—2z;;. Thus any solution
to the monotonized formulation is feasible for the nonmonotonized formulation.
The converse is true as well: given a feasible solution {z;},{zi;} to t-VCj, set
+ I = z;; for a feasible solution to monotonized ¢-VC.

J— - R /
z;] = —x; =x; and z; i

We have thus proved,

ji= 7

Lemma 4. The set of feasible solutions for t-VCy is identical to the set of fea-
sible solutions to monotonized ¢t-VC,.

The formulation monotonized t-VC, has a constraints’ coefficients matrix that
is totally unimodular. These constraints form the feasible solutions polytope of a
minimum cut problem. We show how to construct a network where a minimum
cut corresponds to an optimal solution to monotonized ¢-VCy.

The network has one node for each variable x;r and one node for each variable
x; . A source node s and a sink node ¢ are added to the network. There is an
arc of capacity %w; connecting s to each node xf and an arc of capacity %w;
connecting each node z; to the sink ¢. For each (i,j) € E there are two arcs
from node ;" to the node z; and another arc from xj to the node z; . Both

these arcs have capacities %)\ij. The network is described in Figure 2.

Lemma 5. Any finite cut separating s and t, (S,S), corresponds to a feasible
integer solution to monotonized t-VC,.

Proof: The correspondence between the partition of nodes in the cut and the
values of ;" and x; is set as in [Hoc96]:
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Fig. 2. The network for monotonized ¢-VCy

Let z;; be a binary variable that is equal to 1 if z] € Sand T; € S. Otherwise

it is 0. Let 27 = 1 if x;r € S and z; € S. Otherwise it is 0. Such assignment

of values creates a feasible solution to the monotonized problem. The value of a
cut (S, 9) is,

C(S,5) = %Zﬁeg Wi+ 3 Y- es Wi+ 3 X jep{Nilel €S anda; €S}
5 Z(i,j)fE{i)\ijm;_ € Sand z; €S}

= Zz w;w ;I + %Z(i,j)eE Aig[1 = (x;r - x;) +1- (x;r — ;)]

= Y wiwi + 3 X jyen N (2l + 205)

=D wiri + Z(i,j)eE AijZij-

_|_

Thus the value of the cut is precisely equal to the value of the objective function
of t-VCy. Minimizing the value of the cut minimizes also ¢-VC,. O

The minimum cut solution corresponds to an optimal integer solution to
the monotonized problem. That solution in turn corresponds to a half integral
optimal solution for the relaxation ¢-VCy. Rounding the half integral solution by
rounding the x; up and the z;; down when fractional results in a feasible integer
solution. To see that such rounding is feasible observe that whenever z;; = 1
then 1 — (x; + x;) = 3 and thus one of these variables is equal to 3 and will
be rounded up. Note that the value of Z(M)GE z;i; in the rounded solution may

only go down and thus it satisfies the budget constraint.
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3.2 The Search for \*

As the value of A increases the value of ) z;; decreases in the relaxation’s optimal
solution. We seek a value \* which is the smallest for which " z;; < m —t¢. It
is easy to see that A* € (0, max; w;]. One method of finding the value of \*
is to conduct binary search in the interval (0, max; w}]. The running time of
such procedure depends on the resolution of the value of . Based on our earlier
observation in Lemma 1 A may assume one of 2m - max; w} values. The binary
search on such set will have polynomial (but not strongly polynomial) number of
calls to the solution of the relaxed problem. Each call requires to solve a minimum
cut problem which can be accomplished by using for instance the push-relabel
algorithm in O(mnlog ’fn—z), [GT88]. We prove now that A may assume one of
2m possible values and thus the binary search will require only logm calls to a
minimum cut procedure.

Let d; be the degree of node j in the graph G = (V, E).
Lemma 6. \* € {% —¢€;|(3,5) € E}.

Proof: Consider first the problem dual to the linear programming relaxation LP
t-VC with A a dual variable corresponding to the budget constraint and p;; the
dual variables for the edge covering constraints. The upper bound constraints
z;j < 1 and x; < 1 can be ignored as they are automatically satisfied in any
optimal solution.

max > (i.jyeE Mig — A(m —1)
subject to  p;; < A+¢; forall (i,j) € FE
Yot < (14¢€)w; foralljeV
)\,/,L,LJ > 0 for all Z,]

(Dual #-VC)

(From the formulation it is evident that in an optimal solution {\*,uj;},
AT = max( jem pjj — €. Let >ty = wj for all j, then max; fij; > Ij—j and

A" > max; (gt — €i;). We show first that max; pj; = max; 5 and later that

max; fij; = Max; g .
’

Let 6 = max(; j)er 7:—; — €;;. We construct a feasible solution with A = ¢ of
value that is equal or larger to that of an optimal solution.

Let £ be the set of edges (i,j) with p; > max, Z’—; Consider an ordering
of the nodes in the graph according to the ratio, 2’—11 < % << Z’—:. Suppose
we are given an optimal dual solution with the set E* nonempty. We will show
that the values of the variables u can be modified without affecting their sum in
the objective value but permitting to reduce the value of A\ and thus increasing
the dual objective. This will prove that the set E* must be empty, and therefore
max; (j; = max; -

|
&
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Construction of a solution to Dual t-VC

Step 0: p;; = min{yu;;, max, f—s} for all (¢,7) € E*. k = 1. Let deficit(k) = wp —
Zi/“k‘
Step 1: while deficit(k) > 0
begin
For i =k + 1
if pp, < 2k then
A= mln{ T Mk deficit(k), deficit(i)}.
Update pir «— pir + 4,
deficit(k) < deficit(k) — A and deficit(i) < deficit(k) — A.
end.
Step 2: If k = n output {ui;},j)cr, stop.
Else set k «— k + 1 and go to Step 1.

Wy

The procedure delivers Z fir = Wy and every p;; < maxvo d . Whenever
Step 1 is visited there is always an edge (i, k) such that pj, < %%. This can be
verified by induction: At the beginning of iteration &, the set of edges between
{1,...,k — 1} and {k,...,n} has the property that the total decrease in the
values of p7; across this cut is equal or greater to the total increase resulting
from the process in step 1.

Therefore the objective function for that solution satisfies

Z Mij — maxd—j—ew (m—t)> Z pi — N (m —t)

(i,j)€E (i,7)eE

Thus we proved that in the optimal solution A* = max;cy Z—j — €j-
We show next that there is an optimal solution so that max; 52 = max; 52.
J J

Let max 1;—; — €;; be attained for a collection of edges Eiax (containing pos-
sibly a single edge) of cardinality |Fmax| < m —t. Then we can reduce the value
of A* by a small € > 0 by reducing all p, ¢ for edges in Eyax by €. The resulting
change in the dual objective function is thus an increase of —dje + (m —t)e > 0
which contradicts the optimality of the solution.

Suppose now that |Eyax| > m —t, and w}M > wy o for each (k,0) € Fpax.
Let € = ming, g wa — Wg,e > 0. But then we can feasibly increase all uy , by
e and increase also A* by the same amount. The resulting objective value is
increased by (|Emdx| (m—t))e > 0. Therefore there is an optimal solution with
A* = max; ; d — €;; as claimed.

O

We conclude that there are 2m breakpoints to the value of A* in an optimal
solution.

3.3 The Approximation Algorithm

The approximation relies on properties of the parametric piecewise linear func-
tion. In particular, we show that the breakpoints are a distance of % apart.
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Consider the convex parametric function in Figure 1. As the value of )" z;;
is increasing the objective value is decreasing. The value of the dual variable A
corresponds to the (absolute value of the) slope of the function.

We sort the 2m breakpoints in decreasing values. For each slope (value of
A) some value of z;; is increased. Because of the uniqueness, each breakpoint
corresponds to a unique paring of an edge with one of its endpoints. The cor-
responding z;; can be increased while this dual variable value is applicable. At
the breakpoint the value is an integer multiple of half (since that problem’s re-
laxation has the 2var structure). Since this slope value cannot be repeated again
due to uniqueness, the value of z;; will have to be incremented maximally till
the next breakpoint that corresponds to a strictly lower slope of the parametric
function.

2-approximation for ¢-VC

w/v /. /.
i/e;n{d—j —€i5|(4,7) € E}. lower = ming j)cp d—; — €ij, Upper = max d—; — €.
until |L| =1 do

L — LN [lower, upper].
Select the median element A in L.
Call a minimum cut to solve monotonized ¢-VCy for A.
If Z(i’j)eE zij < m —t, then upper = A. Else lower = A.
end
Round the values of z; up, and the values of z;; down. Output the solution.
end

With every call made to a minimum cut procedure the size of the set L is
reduced by a factor of 2. There are thus altogether at most log,(2m) calls. It
follows that the complexity is that of O(logn) maximum flow applications.

4 General Budget Constraints

Suppose each edge has a certain benefit weight associated with covering it, a;;.
And suppose the problem is to cover a total of at least b weight of edges. We
then substitute the budget inequality by > a;;(1 — z;;) > b. This constraint is
equivalent to Y a;;z; < B = Z(m)eE ai; —b. We call B-VC the problem in
which the budget constraint is 3 a;j2; < B.

The formulation of the dual to the problem with this general requirement is,

max 3 syep iy — AB
i subject to  p;; < ai ;A forall (i,j) € B
(Dual B-VC) Yot <w; foralljeV
A i > 0 for all ¢, 7.

As argued before for the case of a;; = 1, in an optimal solution {\*, uj;} the
budget constraint is binding, and \* = max(; jyer p;-
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The entire discussion is analogous: The objective function coefficients are
1

perturbed to achieve uniqueness. The value of ) z;; is increasing by a 5 at
each breakpoint. However the budget constraint value ) a;jz;; may increase
by an arbitrary amount corresponding to some a;;. Suppose the values at two
consecutive breakpoints are By and By so that By < B < Bs. Then we can
take an appropriate convex combination of the solutions at the two breakpoints
to obtain a solution with budget value B. The crucial property of this convex
combination solution is that only one variable x; and one variable z;; are of
value that is not integer multiple of half. By rounding all the x variable up we
get a 3-approximation algorithm for the problem. Some refinements are possible
and are elaborated upon in the expanded version of this paper.

This idea extends to added arbitrary number of constraints, k. The search
for the A\ vector becomes exponential in the number of added constraints. The

approximation bound obtained is 2 + k.
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Abstract. A fully polynomial approximation scheme (FPTAS) is pre-
sented for the classical 0—1 knapsack problem. The new approach con-
siderably improves the necessary space requirements. The two best pre-
viously known approaches need O(n+1/¢) and O(n-1/¢) space, respec-
tively. Our new approximation scheme requires only O(n + 1 /52) space
while also reducing the running time.

1 Introduction

The classical 0-1 knapsack problem (K P) is defined by
(KP) maximize Zpixi

i=1

subject to Zwl:r, <c (1)
i=1
z; €{0,1}, i=1,...,n,

with p;,w; and ¢ being positive integers. (Note that this integrality assumption
is not necessary for the algorithm in this paper.) W.l.o.g. we assume w; < ¢ Vi =

1,...,n.
This special case of integer programming can be interpreted as filling a knap-
sack with a subset of the item set {1,...,n} maximizing the profit in the knap-

sack such that its weight is not greater than the capacity c.

A set of items is called feasible if it fulfills (1), i.e. if its total weight is at
most the given capacity. The optimal solution value will be denoted by z*.

An overview of all aspects of (K P) and its relatives is given in the book by
Martello and Toth [5]. A more recent survey is given in Pisinger and Toth [6].

An algorithm A with solution value 2 is called an e-approzimation algo-
rithm, € € (0,1), if

A>1—¢)2*

holds for all problem instances. We will also call € the performance ratio of A.
Basically, the developed approximation approaches can be divided into three

groups:
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(1) The classical Greedy algorithm, which is known in different versions, needs
only O(n) running time, requires no additional memory and has a performance
ratio of % (cf. also Proposition 1).

(2) Polynomial time approzimation schemes (PTAS) reach any given perfor-
mance ratio and have a running time polynomial in the length of the encoded
input. The best scheme currently known is given in Caprara et al. [1] and yields
a performance ratio of H—% within O(n?) running time using O(n) space.

(3) Fully polynomial time approzimation schemes (FPTAS) also reach any
given performance ratio and have a running time polynomial in the length of the
encoded input and in the reciprocal of the performance ratio. This improvement
compared to (2) is usually paid for by much larger space requirements. The best
currently known FPTAS are summarized below in Table 1.

author running time space
Lawler [3] O(nlog(1/e) 4+ 1/&%) O(n+1/e%)
Magazine, Oguz[4]|O(n?logn - 1/¢) O(n-1/¢)
this paper O(nmin{logn,log(1/¢)} + 1/e® min{n, 1/ log(1/¢)})|O(n + 1/£%)

Table 1. FPTAS for (K P)

Our contribution concerns point (3). We present an improved fully polyno-
mial approximation scheme with running time O(n-min{logn, log(1/e)}+1/%-
min{n, 1/elog(1/¢)}) and space requirement O(n + 1/2). In particular, the im-
provement in space is a major advantage for the practical use of these methods.
As in [3] we will assume that arithmetic operations on numbers as large as n, ¢,
1/e and z* require constant time.

Our method is clearly superior to the one in [3] with a reduction by a 1/e
factor in space requirements. To compare the performance of our approach with
the one given in [1] note that in the crucial aspect of space our new method is
superior for n > 1/e. The running time is even improved as soon as nlogn > 1/e.
These relations are rather practical assumptions because for the solution of a
knapsack problem with a moderate number of items and a very high accuracy
optimal solution methods could be successfully applied. Moreover, we recall a
statement by Lawler [3] that “bounds are intended to emphasize asymptotic
behaviour in n, rather than €” indicating that n is considered to be of larger
magnitude than 1/e.

For the closely related subset sum problem, which is a knapsack problem
where the profit and weight of each item are identical, the best known FPTAS
is given by Kellerer et al. [2]. It requires only O(n + 1/¢) space and O(min{n -
1/e, n+1/e?log(1/e)}) time. This could be seen as an improvement by a factor
of 1/e compared to this paper for a problem with “dimension reduced by one”
although it requires different techniques.

Before going into the details of the algorithm in Section 2 we first give an
informal description of our approach.
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All items with “small” profits are separated in the beginning. The range of all
remaining “large” profit values is partitioned into intervals of identical length.
Every such interval is further partitioned into subintervals of a length increasing
with the profit value, which means that the higher the profit in an interval, the
fewer subintervals are generated.

Then from each subinterval a certain number of items with smallest weights
is selected and all profits of these items are set equal to the lower subinterval
bound. This number decreases with increasing profit value of the current interval.

Dynamic programming by profits is performed with this simplified profit
structure. The approximate solution value is computed by going through the
dynamic programming array and determining the best combination of an entry
with a greedy solution consisting only of small profit items.

To attain the improved space complexity, we do not store the corresponding
subset of items for every entry of the dynamic programming array but keep
only the index of the most recently added item. To reconstruct the approximate
solution set only limited backtracking through these entries is possible. Most
of the solution set is computed by bipartitioning the item set and recursively
solving the two resulting subproblems each dealing with only half of the original
items set and a reduced range of dynamic programming.

By patching together the items of the two subproblem solutions the original
solution set can be constructed. Surprisingly, this recursion can be performed
without increasing the overall time and space complexities (cf. Theorem 8). A
related bipartitioning scheme to save space was used by Magazine and Oguz [4].
However their approach led to an increase of time complexity.

Summarizing the main new ideas, the improvement of space is attained by
storing only one item for each dynamic programming entry instead of a complete
subset of items. The time improvement is derived on one hand by retriving the
not stored solution set via an efficient recursive partitioning of the item set and
the dynamic programming array and on the other hand by a more involved
partitioning and reduction of the profit space of the items and by the use of this
reduced profit structure in the dynamic programming lstep.

2 The new fully polynomial approximation scheme

To compute bounds for z* let us recall the Greedy-Heuristic G: A feasible solu-
tion is determined by sorting the items in nonincreasing order of their profit to
weight ratio and then considering all the items in that order (cf. [5]). Each item
is put into the knapsack of capacity c if it fits and is never taken out again. The
solution value LB, which is a lower bound for z*, is defined as the maximum of
the profit computed by this procedure and the overall highest profit of any item
which is considered as a possible solution on its own. It is known that G has a
performance ratio of %

Proposition 1 ((folklore)).

LB < z*<2LB ]
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A variant of the Greedy—Heuristic G will be used in Step 2 of the approximation
scheme (AS) to add items with small profit to possible solutions consisting of
items with larger profit.

For technical reasons we will introduce the refined accuracy

- 1
gi= =<

2

=
Note that é and é% are integers. In the following we state the new approximation
scheme (AS) .

Algorithm (AS) :

Step 1 Reduction of the items
Compute the above lower bound LB by running G.
Let T := {i | p; < LBE} be the set of small items.
Let B := {i | p; > LBE} be the set of large items.
Partition B into 1/ — 1 intervals L; of range LBE such that

N ™

L;:={i| jLBE < p; < (j + 1)LB&}
with j=1,...,1/6—1.

forj=1,...,1/é—1do
Partition L; into [%1 — 1 subintervals L¥ of range jLB&* such that

ko g s ~ ~ . ~ ~
Li:={i| jLBE(1 + (k — 1)é) < p; < jLBE(1 + ké)}

with k=1,..., [%1 — 1 and the remaining (possibly smaller)

subinterval
L 1
L o= i1 GLBE(L+ (1) = 19) < pi < (G + DLBE).
fork:l,...,(%] do

for all i € L¥ set p; := jLBE(1 + (k — 1)é).
if (|L§| > ff—aﬂ) then
Reduce L¥ to the [%1 items with minimal weight it
contains.
Delete all other items in L;?.
Denote by L C B the set of all remaining large items.
Step 2 Computation of the solution value
2z4:=0 (solution value)
SA =1 (solution item set)
perform dynamic programming (L,2LB) returning (W], R[]).

Sort the items in 7" in nonincreasing order of their profit to weight ratios.
for all j € {1,...,2/£2} with W[j] < ¢ do in nonincreasing order of Wj]
Add up the items from 7" as long as their weight sum is not more

than the remaining capacity ¢ — W{j] yielding a profit of 27

24 = max{j LB&% + 2T 24}
Let j4 denote the iteration of the last update of the solution value z4.
Put the items from T with total profit 27 inspected in iteration j4 into S4.
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Step 3 Recursive reconstruction of the solution item set
perform backtracking (R[], L, ;") returning (") and updating S4.
perform recursion (L, jALB&% — 2VV).

comment: The sorting of T in Step 2, which adds the O(nlogn) factor
to the running time, can be avoided by iteratively finding the median of the
profit/weight ratios of the small items and bipartitioning at this point. We do
not give any details of this strategy which is analogous to Section 6 in Lawler [3]
and yields a time bound of O(nlog(1/¢)).

Dynamic Programming (L', P’)

Input: L' C L: subset of items, P’: profit bound.

Output: W[], R[ ]: dynamic programming arrays, W[j] = w and R[j] =
means that there exists a subset of items with profit jLB&2, weight w < ¢
and that item r was most recently added to this set.

(Note that all profit values are multiples of LBE2.)

P'/(LBE?)
for ] = % % +1,.
W{0] := 0
for all distinct profit values p; of items in L’ do

Let w{ < ... < w! be the weights of the items with

profit p;.

for j =0,1 z 5 +1,...,u do label[j] := false

(indicates if entry W[j] was considered before for py)
q = pe/(LBE)
forj=0,z,z+1,...,u—qdo

ii

,udo W[jl:=c+1, R[j] =

if (label[j] = false and W[j] + w! < W[j + ¢q]) then (2)
P:=W[j+q], W[j+q|:=W[j]+w! (update
operation)

R[j + q] := index of the item with weight w!
label[j + q] := true
(After updating an entry of W[ | we consider all
possible updates by items with profit p; originating
from this entry)
if (j +2¢ < u) then
s:=2,0:=1, stop := false
repeat
Py :=P+wh, P, :=W[j+lq] + !
(P denotes the old value of the current
entry.)
L:=L0+1, P:=WI[j+ {q]
M := min{P, P, P.}

case M = P:
stop 1= true
case M = P;:
Wlj+ g :== Py

R[j + {q] := index of item with weight w?{
label[j + £q] := true, s := 2
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case M = P,:
W[j+lq] := P,
R[j + £q] := index of item with weight w
label[j + £q] := true, s :=s+1
until (stop = true or j + (£ + 1)g > w or s > d)
return (W[ ], R[]).

comment: We perform in principle classical dynamic programming by prof-
its. The index of the last item used to reach any profit value is stored in R] ]
for further use in backtracking. After updating an entry j 4+ ¢ we immediately
consider the possibilities that either the old value of W{[j + ¢] plus w} or the new
value of W[j + ¢| plus w} yield an update of Wj + 2¢]. If this is indeed the case
the strategy is continued iteratively.

Backtracking (R[], L, ;°)

Input: R[]: dynamic programming array with the same meaning
as in dynamic programming.
L' C L: subset of items, j°: starting point in the array.
Output: zV: collected part of the solution value.
updates S4.
vi=j% 2N =0

3

repeat
r = R[v]
SA = S4u{r}

2N =N + pr

v:i=v,v:=v—p,/(LBE?)
until (v =0 or W[v] < W[t] — w,)
return (z7V).

comment: The subset of items with total profit j°LB&? is partially recon-
structed. The backtracking stops, if an entry is reached which was updated after
the desired subset was constructed. Such an updated entry must not be used
because it may originate from an entry with smaller profit which was generated
by an item already used in the partial solution. This would result in a solution
with a duplicate item.

In the following we denote by D(L’) the number of distinct profit values of items
from a set L'.

Recursion (L, P)

Input: L C L: subset of items, P: given profit value.
indirectly updates S4 by calling backtracking,.
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Partitioning

Par}ition L into two djsjoint subsets f/l, ig such that

D(Ly) ~ D(Ly) ~ D(L)/2. o

Perform dynamic programming (L1, P) returning (W1[ ], R1[]).
Perform dynamic programming (Lg, P) returning (Wa[ ], Ra[ ]).
Merging

Find indices 71, jo such that

(j1 + jo)LBE* =P and W/[j1] + W{jo] is minimal. (3)

Reconstruction and Recursion
Perform backtracking (R[], L1, 1) returning (zN).
if (j1LB&%2 — 2 > 0) then
Perform recursion (il,leB§2 —2M).
Perform dynamic programming (Ls, P) returning (Wa[ ], Ra[]).
(This recomputation is necessary because the space for W[ |, Ra| |
is used during the recursion on Lj.)
Perform backtracking (Rs[], Lo, j2) returning (z2).
if (joLB&% — 2 > 0) then
Perform recursion (ig,ngBE~2 —23N).

comment: Recursion does not yield an explicit return value but implic-
itly determines the solution set by the executions of backtracking during the
recursion.

Concerning the practical behaviour of (AS) it can be noted that its perfor-
mance hardly depends on the input data and is thus not sensitive to “hard”
(K P) instances. Furthermore, it can be expected that the tree-like structure
implied by recursion (cf. Lemma 6) will hardly be fully generated and the
maximum recursion depth should be fairly moderate in practice.

3 Analysis

At first we show that the reduction of the large items B to set L in Step 1
induces only minor changes in an optimal solution. For a capacity ¢ < ¢ let 2z
and z? be the optimal solution value of the knapsack problem with item set L
and item set B, respectively.

Lemma 2.
2> (1-¢8)8

Proof. Let t; be the number of items from L; in the optimal solution. As each
item of L; has a profit greater than jLBE we get immediately

2P > LB (4)
J
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However, the rounding down of the profits in Step 1 diminishes the profit of
every item in L; by at most jLB£?. By bounding the new profit of the same
item set as above we get

2> B Z,uijsz > BB > (1- é)zB
J

by inserting (4).
2

The possible reduction of each set L? to (E] items with minimal weight has

no effect on z”. Because of Proposition 1 we have
2 e B
— |- jLBE>2LB >z
jé
and hence there can never be more than (%] items from L; in any feasible

solution. Naturally, selecting from items with identical profits those with smallest
weight will not decrease the optimal solution value. ad

Lemma 3. Dynamic Programming (L', P') computes for every P < P’ a
feasible set of items from L' C L with total profit P and minimal weight, if it
exists.

Proof. After the preprocessing in Step 1 all item profits are multiples of LB&2. As
in classical dynamic programming schemes, an entry W{j] contains the smallest
weight of all subsets of items with a total profit of jLB&? considered up to any
point. The correctness is clear for each item with weight w?. The other items with
the same profit but larger weight are considered during the “repeat — until” loop.
In this way the number of operations is proportional to the number of distinct
profit values instead of the (larger) number of items (cf. Theorem 8).

For every entry W{j] we have to determine the minimum over three values:
(1) the previous entry in W{[j] (which means that there is no further update
during this loop), (2) the previous entry in W[j — ¢g] plus w! (a classical update
by the “most efficient”item with profit p;) and (3) the entry in W[j — ¢] if it was
recently updated by some weight w’_;, plus w!.

In this way, it is taken care that no item is used twice to achieve a particular
profit value. (Note that for every entry W/j|, if there is no update by an item
with weight w! there will also be no update for an item with weight w!, for
s’ >s.) 0

Lemma 4. At the end of Step 2 we have
A > (1—e)z"

Proof. Let us partition the optimal solution value into z* = 25 + 27, where 25
denotes the part contributed by large items and 27 the part summing up the
small items in the optimal solution. The corresponding total weight of the large
items will be denoted by ¢j < c. In Lemma 2 it was shown that there exists also
a set of items in L with total value at least zj; — €z and weight at most cj.
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Hence, it follows from Lemma 3 that the first execution of dynamic pro-
gramming generates an entry in the dynamic programming array corresponding
to a set of items with profit between (1 — &)z and 2z} and weight not greater
than cj.

In Step 2, the corresponding entry in W[ ] is considered at some point during
the for-loop and small items are added to the corresponding subset of items in
a greedy way to fill as much as possible of the remaining capacity which is at
least ¢ —cj. However, the profit difference between an optimal algorithm and the
greedy heuristic in filling any capacity is less than the largest profit of an item
and hence in our case it is at most LBE. Altogether, this yields by Proposition 1
and Lemma 2

A>(1 =8z +25 —LBE> 2" —282° > (1 —€)2*
by definition of €. a

Lemma 5. After performing backtracking (R[], L', j°) a subset of items from
L with total profit 2N was put into S* and there exists a subset of items in L'
with total profit 2T such that

2N 4 2F = jSLBe.
Proof. omitted. O

Lemma 6. If there exists a feasible subset of L with total profit P, then the
execution of recursion (L, P) will add such a subset to SA.

Proof. Naturally, a feasible subset of items with profit P can be divided into
two parts belonging to Ly and L respectively. Thereby, the given profit value
P can be written as a sum of P, and P,, each corresponding to the profit of
items from one subset. Applying Lemma 3 to both subsets with profit value
P’ = P, it follows that in dynamic programming sets of items with minimal
weight summing up to every reachable profit smaller or equal P are computed.
Hence, the values P; and P, will also be attained in the dynamic programming
arrays and the corresponding indices ji,jo fulfilling (3) can be found e.g. by
going through array Wi[] in increasing and through Wa[] in decreasing order.

To analyze the overall effect of executing recursion also the recursive calls for
El and I:2 must be analyzed. This recursive structure of recursion corresponds
to an ordered, binary rooted tree which is not necessarily complete. Each node
in the tree corresponds to a call to recursion with the root corresponding to
the first call in Step 3. A node may have up to two child nodes, the left child
corresponding to the call of recursion with Ly and the right child corresponding
to a call with Ly. The order of computation corresponds to a preorder tree walk
as the left child (if it exists) is always visited first. This tree model will be also
used in the proof of Theorem 8.

The above statement will be shown by backwards induction moving “up-
wards” in the tree, i.e. starting with its leaves and applying induction to the
inner nodes.
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The leaves of the tree are executions of recursion with no further recursiv~e
calls. Hence, the two corresponding conditions yield 2 +23 = (ji+j2)LBE2 = P
and the statement of the Lemma follows from Lemma 5.

If the node under consideration has one or two childs, the corresponding
calls of recursion follow immediately after backtracking on the same set of
parameters. Hence, Lemma 5 guarantees that the existence condition required
for the statement is fulfilled. By induction, during the processing of the child
nodes items with total profit

J1LBE% — 2 + joLBE? — 23

are added to S“. Together with the items of profit z;¥ and z)" added by back-
tracking this proves the above statement. O

The above Lemmata can be summarized in

Theorem 7. Algorithm (AS) is a fully polynomial approximation scheme
for (KP).

Proof. Lemma 4 showed that the solution value of (AS), which can be written
as 24 = 27 + jALBE?, is close enough to the optimal solution value. At the end
of Step 2 we put small items with profit 27 into S4. In Step 3 we add items
with profit 2%V to S4 and by Lemma 5 we know the existence of an item set with
profit jALB&? — 2V, But this is precisely the condition required by Lemma 6 to
guarantee that during the recursion items with a total profit of jALB&? — 2NV
are added to S*. O

It remains to analyze the asymptotic running time and space requirements

of (AS).

Theorem 8. For every performance ratio €, (0 < € < 1), algorithm (AS) runs
in time O(n-min{logn, log(1/¢)}+1/e?-min{n, 1/elog(1/e)}) and space O(n+
1/€2).

Proof. The maximal number of items in L is

PIFANETRES S
Zl I FEl R
= JE JE Ej:lj

which is of order O(1/&2).

The four dynamic programming arrays clearly require O(1/¢?) space. To
avoid the implicit use of memory in the recursion we always use the same memory
positions for the four arrays. Therefore, W3[ | and R[] have to be recomputed
in recursion because their original entries were destroyed during the recursion
for L.

The recursive bipartitions of D(I:) in recursion can be handled without
using additional memory e.g. by partitioning L into a set with smaller profits



A New Fully Polynomial Approximation Scheme for the Knapsack Problem 133

and one with larger profits. In this case every subset is a consecutive interval of
indices and can be referenced by its endpoints.

Hence, every execution of recursion requires only a constant amount of ad-
ditional memory. As the recursion depth is bounded by O(log(1/¢)) (see below),
the overall space bound follows.

The reduction of the items in every interval L.? can be done by a linear
median algorithm. Hence, the overall running time of Step 1 is in O(n + 1/?2).

The main computational effort is spent on dynamic programming. A
straightforward implementation of a classical dynamic programming scheme
without the complicated loop used in our procedure would consider every item
for every entry of W[ ] and hence require O(|L’|- P’/(LBe?)) time. For the first
call in Step 2 this would be O(1/).

In our improved version dynamic programming we combine items with
identical profits. For every profit value p; each entry of the dynamic programming
array is considered only a constant number of times. It is for sure considered
in (2). If the label of the current entry is “false”, we may enter the loop. As long
as this “repeat — until” loop is continued, the label of every considered entry is
set to “true”. At the point when any such entry is considered again in (2) it will
therefore not start another “repeat” loop.

With the above, every execution of dynamic programming (L', P') re-
quires only O(D(L') - P'/(LBe?)) time. This clearly dominates the effort of the
following backtracking procedure.

After Step 1 the number of large distinct profit values is bounded by

1/6—1 1/

D)< > HJ %ézl.%élog<é>

= =1

and hence is in O(min{n, 1/clog(1/¢)}). Therefore, performing dynamic pro-
gramming (L,2LB) in Step 2 takes O(min{n, 1/clog(1/e)}1/&?) time.

The “for” loop in Step 2 can be performed by going through each W] and
T only once after sorting W/ ]. As mentioned in the comment after Step 3 the
O(nlogn) factor caused by sorting T' can be replaced by O(nlog(1/¢)) following
an iterative median strategy by Lawler [3].

Summarizing, algorithm (AS) can be performed in O(n-min{logn, log(1/¢)}
+1/e?-min{n, 1/clog(1/¢)}) time plus the effort of recursion.

To estimate the running time of recursion we go back to the representation
of the recursive structure as a binary tree as introduced in the proof of Lemma 6.
A node is said to have level ¢ if there are £ — 1 nodes on the path to the root
node. The root node has level 0. Obviously, the level of a node is equivalent to its
recursion depth and gives the number of bipartitions of the initial set of distinct
profit values. Therefore, the maximum level of a node is log D(L) which is in
O(log(1/¢)). Moreover, for a node with level ¢ we have D(L) < D(L)/2".

The running time of a node corresponding to a call of recursion (i, P) will
be interpreted as the computational effort in this procedure without the possible
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two recursive calls of recursion for L; and Lo. It is easy to see that the running
time of a node with level ¢ is dominated by the two executions of dynamic
programming and therefore bounded by O((D(L1)+D(Ly))-P/(LBe?)), which
is in O(D(L)/2¢ - P/(LBe?)).

To find the median of D(L) appropriate auxiliary values such as the number
of items with identical profit have to be kept. Without going into technical details
it is clear that this can be done easily within the given time bounds.

For the combined input profit of the children in any node we get
J1LBE* — 2N 4 joLBE% — 2 < (ji + jo)LBE* = P.

Repeating this argument for all nodes from the root towards the leaves of the
tree, this means that the sum of input profits for all nodes with equal level is
less than 2L B, the input profit of the root node. Let the number of nodes with
level £ be my < 2¢. If we denote the input profit of a node i in level £ by PZ this
means that s

> Pj <2LB.

i=1

Summing up over all levels the total computation time for all nodes with

level ¢ this finally yields

log D(L) m, LS

Z Z 212 PE/LBE

which is of order O(1/¢? - min{n, 1/elog(1/¢)}). Therefore, the recursive struc-
ture does not cause an increase in asymptotic running time and the theorem is
proven. O

2/52 <2D(L)-2/e?,

£=0
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On the Hardness of Approximating Spanners

Guy Kortsarz

Department of Computer Science, The Open university, Klauzner 16, Ramat Aviv,
Israel.

Abstract. A k—spanner of a connected graph G = (V| E) is a subgraph
G’ consisting of all the vertices of V' and a subset of the edges, with
the additional property that the distance between any two vertices in
G’ is larger than that distance in G' by no more than a factor of k. This
paper concerns the hardness of finding spanners with the number of edges
close to the optimum. It is proved that for every fixed k approximating
the spanner problem is at least as hard as approximating the set cover
problem

We also consider a weighted version of the spanner problem. We prove
that in the case k = 2 the problem admits an O(logn)—ratio approxima-

‘n

1-
tion, and in the case k > 5, there is no 2'°9 — ratio approximation,

for any € > 0, unless NP C DTIME(npolylog ).

1 Introduction

The concept of graph spanners has been studied in several recent papers, in the
context of communication networks, distributed computing, robotics and compu-
tational geometry [ADDJ-90, C-94, CK-94, C-86, DFS-87, DJ-89, LR-90, LR-93]
[LS-93, CDNS-92, PS-89, PU-89]. Consider a connected simple graph G = (V, E),
with |V| = n vertices. A subgraph G’ = (V, E’) of G is a k — spanner if for every
u,v €V,
. /
dzlst(u,v,G) <k
dist(u,v,G) ~—

where dist(u,v,G") denotes the distance from u to v in G’, i.e., the minimum
number of edges in a path connecting them in G’. We refer to k as the stretch
factor of G.

In the Euclidean setting, spanners were studied in [DFS-87, DJ-89, LL-89].
Spanners for general graphs were first introduced in [PU-89], where it was shown
that for every n—vertex hypercube there exists a 3-spanner with no more than 7n
edges. Spanners were used in [PU-89] to construct a new type of synchronizer for
an asynchronous network. Spanners are also used to construct efficient routing
tables [PU-88]. For this, and other applications, it is desirable that the spanners
be as sparse as possible, namely, have few edges. This leads to the following
problem. Let Sj(G) denote the minimum number of edges in a k—spanner for
the graph G. The sparsest k-spanner problem involves constructing a k—spanner
with Sk (G) edges for a given graph G. In this paper we consider the question of

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 135-146, 1998.
© Springer-Verlag Berlin Heidelberg 1998
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constructing spanners with the number of edges close to Sy (G).This is motivated
as follows.

It is shown in [PS-89] that the problem of determining, for a given graph
G = (V, E) and an integer m, whether So(G) < m is NP-complete. This indicates
that it is unlikely to find an exact solution for the sparsest k—spanner problem
even in the case k = 2. In [C-94] this result is extended for any integer k.

Recently, in [VRMMR-97] it is shown that the k—spanner problem is hard
even in restricted cases. For example, the problem is hard even restricted to
chordal graphs. The problem was known to be hard also for bipartite graphs
[C-94] (see also [VRMMR-97]).

Consequently, two possible remaining courses of action for investigating the
problem are establishing global bounds on S (G) and devising approximation
algorithms for the problem.

In [PS-89] it is shown that every n—vertex graph G has a polynomial time
constructible (4k+1)—spanner with at most O(n'*/¥) edges, or in other words,
Sirs1(G) = O(n'*T/*) for every graph G. Hence in particular, A every graph
G has an O(log n)—spanner with O(n) edges. These results are close to the best
possible in general, as implied by the lower bound given in [PS-89].

The results of [I’5-89] were improved and generalized in [ADD.J-90] [CDNS-92]
to the weighted case, in which there are non-negative weights associated with
the edges, and the distance between two vertices is the weighted distance. Specif-
ically, it is shown in [ADDJ-90] that given an n—vertex graph and an integer
k > 1, there is a polynomially constructible (2k + 1)—spanner G’ such that
|E(G)| < n-[n¥]. It is also proven there, that the weight (sum of weights of
the edges) of the constructed spanner, is O (k . no(l/k)) times the weight of a
minimum spanning tree.

The algorithms of [ADDJ-90, PS-89] provide us with global upper bounds
for sparse k—spanners, i.e., general bounds that hold for every graph. However,
it may be that for specific graphs, considerably sparser spanners exist. Further-
more, the upper bounds on sparsity given by these algorithms are small (i.e.,
close to n) only for large values of k. It is therefore interesting to look for approz-
imation algorithms, that yield near-optimal local bounds applying to the specific
graph at hand, by exploiting its individual properties.

The only logarithmic ratio approximation algorithm known for construct-
ing sparse spanners is for the 2—spanner problem. Specifically, in [KP-92] an
O(log(E/V)) approximation algorithm is given for the 2—spanner problem. That
is, given a graph G = (V, E), the algorithm generates a 2—spanner G' = (V, E’)
with |E'| = O (5’2 (G) -log %) edges. No small ratio approximation algorithm
is known even for the 3—spanner problem. However, it follows from the results
in [ADDJ-90] that any graph admits a 3—spanner with girth (minimum length
cycle) 5. Now, every graph of girth 5 has O(n®/?) edges. This “global” result
can be considered \/n “approximation” algorithm for the k—spanner problem,
for £ > 3. Note that this bound can not be improved in general. Consider a pro-
jective plane of order ¢q. A projective plane of order ¢ is a ¢ + 1-regular bipartite
graph with n = ¢% 4 ¢+ 1 vertices in each size, with the additional property that
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every two vertices on the same side, share ezactly one neighbor. Such a structure
is known to exist, e.g., for prime g. Clearly, the girth in this graph is 6. Thus,
the only 3 (and 4) spanner for the graph, is the graph itself. Furthermore, this
graph contains 6(n?/?) edges.

In this paper, we first prove that the (unweighted) 2—spanner problem is
N P—hard to approximate even when restricted to 3—colorable graphs, within
clogn—ratio for some constant ¢ < 1. This matches the approximation ratio
of O(logn) of [KP-92]. Hence the algorithm in [KP-92] is the best possible for
approximating the 2—spanner problem, up to constants.

We also show that the (unweighted) k—spanner problem is hard to approx-

imate with small ratio, even when restricted to bipartite graphs. Specifically,
we prove that for every fixed integer k, k > 3 there exist a constant ¢ < 1 such
that it is N P—hard to approximate the k—spanner problem on bipartite graphs,
within ratio clogn (the constant ¢ depends on (the constant) k.) This result im-
proves the N P—hardness result, for bipartite graphs [C-94], for fixed values of
k. Clearly, this result implies a similar limitation on the approximability, for
general graphs.
Remark: in fact we prove that for any k& = o(logn) (not necessarily fixed)
there exist a constant ¢ < 1 such that the k—spanner has no ¢ - logn/k—ratio
approximation, unless NP C DTTM E(n®®). (In the case k = 2(logn), indeed,
the k—spanner problem can be approximated within ratio O(1) since, as we said
before, there is always a logn spanner with O(n) edges. Hence, it is mainly
interesting to prove hardness results for k = o(logn).)

Finally, we define a natural new weighted version of the spanner problem.
In this version, called the edge weighted k—spanner problem, each edge e € E
has a positive length I(e) but also a non-negative weight w(e). The goal is to
find a k spanner G’ with low weight. Namely, the graph G’ should have stretch
factor k where the distances are measured according to [, and ,also, the sum of
weights w(e) of the edges in G’ should be as small as possible. For example,
in the un-weighted case l(e) = w(e) = 1 for every edge e. Also, in the more

y

common weighted case, considered in [ADDJ-90, CDNS-92], for every edge e,
w(e) =1(e).

For the edge weighted k—spanner problem we have the following results. We
consider the case where {(e) = 1 for every edge and w is arbitrary. For k = 2,
this version of the problem admits a O(log n)—ratio approximation. However, for
every k > 5, we prove that the problem has no 2log" " n_ ratio approximation,
for any € > 0, unless NP C DTIM E(nP°!¥!°9 ™). This later result follows by a
reduction from one-round two-provers interactive proof system.

We note that ours are the first results on the hardness of approximating the
spanner problem.

2 Preliminaries

First, recall the following alternative definition of spanners.
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Lemma 1. [PS-89] The subgraph G' = (V,E’) is a k — spanner of the graph
G = (V, E) iff dist(u,v,G") <k for every (v,u) € E. 0

Thus the (un-weighted) sparsest k—spanner problem can be restated as fol-
lows: we look for a minimum subset of edges E’ C F such that every edge e that
does not belong to E’ lies on a cycle of length k + 1 or less with edges that do
belong to E’. In this case we say that e is spanned in E’ (by the remaining edges
of the cycle).

In what follows we say that two (independent) sets C' and D are cliqued, if

every vertex in C is connected to every vertex in D, thus C' and D induce a
complete bipartite graph. We say that C' and D are matched, if |C| = |D] (i.e.,
C and D have the same size) and every vertex in C' has a unique neighbor in D
(that is, the two sets induce a perfect matching).
The set-cover problem: For our purpose, it is convenient to state the set-
cover problem in the following way. The input for the set-cover problem consists
of a bipartite graph G(V1, Va, E), where the edges cross from V; to V4 (that is,
V1 and V, contain no internal edges) with n vertices on each side. The goal is
to find the smallest possible subset S C Vj, such that every vertex in V5 has a
neighbor in S.

The following result is known [RS-97]. This result followed two results by
[LY-93], and [F-96] which, however, where under weaker complexity assumption.

Theorem 1. There exist a constant ¢ < 1, such that it is N P—hard to approz-
imate the set-cover problem within ratio clnn. O

We need the following lemma regarding a restrictive case of the set-cover
problem. Consider the p—set-cover problem which is the set-cover problem in
the case A, the maximum degree of any vertex in V; U V5, is bounded by n”
for some (fixed) 0 < p < 1. The usual greedy algorithm ([J-74, L-75]) gives a
p - In n—ratio approximation algorithm for the p—set-cover problem. On the
other hand we have:

Lemma 2. [t is NP—hard to approximate the p—set-cover problem within c-p-
Inn ratio.

(To see this, just consider starting with a bipartite graph G with no restriction
on the degrees, and taking n'/#~! copies of G.)

In the next section we prove our hardness result for the unweighted case for
k > 5. In the full paper, we prove a similar result for £ = 3 and & = 4. These
results show hardness of approximation on bipartite graphs. We also defer to the
full paper the hardness result for k = 2 (this hardness result is for 3—colorable
graphs).

3 A hardness result for k£ > 5 in the un-weighted case

In this section we consider the hardness of approximating the k—spanner problem
for integer constant odd k, £ = 2t + 1 and ¢t > 2. The constructed graph is
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bipartite hence contains no odd cycles. It follows that any 2t + 2 spanner in such
a graph is a 2t + 1 spanner as well, since the graph has no 2t 4+ 3 cycles.

In summary, the lower bound on the approximation for k = 2¢+1, on bipartite
graphs, will automatically imply a lower bound for the case k = 2t + 2.

3.1 The construction for £k > 5

We start this subsection by giving an intuitive explanation for our construction.
Consider the graph G(Vi, Vi, E) of the set-cover problem. Suppose that we con-
nect V4 in a clique (i.e., complete bipartite graph) to a new set A of n vertices.
Further suppose that each vertex in the set A is connected by a collection P
of appropriate path, to every vertex of V5. Each such path would have length
exactly 2t. Next suppose that we prove that in any spanner closed to the opti-
mum, in any path P leading from a vertex a € A and v9 € V3, the central edge is
missing. Hence, in order to find an alternative path for each such missing edge.
we must connect every vertex of A by a path to every vertex of V5 “via” the
vertices of V; (closing a cycle of length 2¢ + 2 with the missing edge). Namely,
each vertex of A has to be connected to each vertex of V5, by a path of length
2, that goes trough Vi. It is easily seen, therefore, that each vertex a of A is
connected in V; to a subset S, that covers V. The number of edges needed in
the spanner will therefore be roughly n - 5, where 5 is the average size of all
the sets S,. Hence it is convenient for the algorithm to find a small cover S,
and connect each vertex in A to S. One difficulty is to find a construction that
assures that indeed the central edge will be missing in any “good” spanner

Next, we describe the construction for the k—spanner problem in the case of
constant odd k, k> 5. Let k =2t +1, t> 2.

Let € > 0 be a constant satisfying:

1

1
< 2t + 2

1—— 1
241 € M)
Let 6 = (2t + 1)(1 — €). We note that by the definition of €, we have that

€ <6 < 1. Also let 41 be a constant satisfying:

max{d,1 —¢/3} < <1 (2)

We start the construction with an instance G(V1, Vs, E) of the (1 — d;)—set-
cover problem. That is, the maximum degree in G is bounded by n'~%'. The
construction is composed of two main ingredients: the fized part and the gadgets
part. The fixed part contains the graph G and the set A. We clique A and
V1 as explained above (namely, we connect each vertex a € A to each vertex
v1 € V7). Furthermore, we have two special vertices, a1, bi. The vertices a; and
b1 are joined by an edge. Then, a; is connected to each vertex of A, and by is
connected to each vertex of V7.

Secondly, we describe the “gadgets part” of the construction. This part of
the construction is intended, to connect each vertex in A to each vertex in V5
by a path of length 2¢.
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The gadget is a union of 4-ln n-n¢, different gadgets. In the i'th gadget we have
the following ingredients. The construction of the gadget involves randomization
(which, nevertheless, can be easily de-randomize).

For 1 <i<4Inn-n° do.

— Define sets A%, AL, ..., AL, each of them of size n. The sets corresponding to
different #’s are disjoint.

For each i, the set A is matched (connected in a perfect matching) to the
set Ai. The set A% is matched to the set A%, and in general, for every
1<j<t—1,the set A; is matched to the set A§-+1.

— Define sets Vii, V2, ..., Vi !, each of size n. The sets corresponding to dif-
ferent i’s are disjoint.

The sets V5 and V211 are matched. Also, for each 1 < j < t — 2, the sets
Vy and VJ " are matched. Call all edges of the perfect matchings (also the
above ones that match Al with A; +1) “matching edges”.

— Finally, for every vertex ai € Al and every vertex vél-_l € VQtZ-_l put an edge
between a! and vgi_l, randomly and independently, with probability 1/n¢.
Let R; denote the collection of random edges resulting among the two sets,
V4. and Al

We note that for each vertex a € A, and gadget i, there is a unique vertex
al € Al that is connected to the vertex a via a path that entirely goes trough
the matching edges. For this reason we throughout call ai a matched copy of a.
Similarly, every vertex ve € V3, has a unique matched copy ’U;i_l € V;i_l in any
gadget 1.

It is easy to verify that the constructed graph is bipartite.

3.2 Cycles containing R; edges

In this subsection, we show that in a sense, the R; edges could, without loosing
much, be avoided from entering a “good” spanner. It would then follow that each
edge of R; should be spanned using a path from A} to V2ti_2, that goes trough
A, V; and V. Call such path G—path. More specifically, a G—path starts at a
matched copy ai € A! of a vertex a € A. Then the G—path goes to the sets
Al VAL, ..., AY via the matching edges. Then the path goes to a, and then
to a vertex v; € GG, and then to a nelghbor (1n G and G) vg € V5 of vy. Finally,
the path continues to the matched copy ’1}2_ of vs via the matching edges. Note
that the edge (ai,vi; ') (if present) closes a cycle of length exactly 2t 4 2 with
the G—path. We call such a cycle a G—cycle.
Beside the G—cycles, the other appropriate short cycles are the following:

(i) Cycles containing only edges of R;. Call such cycles i—cycles.

(m-i) Cycles containing edges of R; and G, and non of the vertices of A. More
specifically, one can choose a vertex v; € V;, Choose two neighbors v, us
of vy, in Vg, walk in parallel, using the matching edges, to the two matched
copies vi ! of vy and ubs ! of ua, in V2tz_1 and finally close the cycle using a
mutual neighbor a} € A , of vb; U and ul; —1. Call such cycles m — i—cycles.
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In the following lemmas, we bound the (expected) number of i and m — i
cycles.

Lemma 3. The expected number of i cycles (summing over all of the R; gadgets)
is bounded by O(n'*9).

Lemma 4. The expected number of m — i—cycles is o(n'*01).
Hence we summarize (using the fact that by definition n® = o(n°)).

Corollary 1. The total number of expected i— cycles and m—i— cycles is bounded
by o(n'+o1). i

3.3 The lower bound

In this section we give the proof of the lower bound using Corollary 1. We
first need the following technical lemma. This lemma states that, with high
probability, all the vertices of A are connected to all the vertices of V5, via a
path that entirely goes trough the matching edges and R; edges.

Lemma 5. With probability at least 1 —1/n?, for each vertex a € A and verter
vy € Vo, there exist a gadget v such that the edge (ai,vé;l) was included by the
random choice.

It is easily seen that one can de-randomize the construction using the method
of conditional expectation in time roughly n*. That is, it is possible, for fixed k,
to construct deterministically, in polynomial time, a structure with the desired
properties of Corollary 1 and Lemma 5.

Using this lemmas, we prove our two main claims. Let s* be the size of an
optimum cover in G. Note that since G is an instance of the (1 — d;)—set-cover
problem, the size of the optimum cover is at least s* > not.

Lemma 6. The instance G of the 2t + l—spanner problem, admits a
2t + 1—spanner with no more than 2 - s* - n edges.

Proof. Take into the spanner the edges touching a;, b; and the edges of G. The
number of edges added so far is O(n?7%). In this way we spanned the edges
of the fixed part of the construction (with stretch 1 or 3 for any edge.) Le., we
took care of the edges joining A and Vi, and the edges joining V; and Va2 and
the edges of a; and b;.

Take into the spanner all the matching edges. The number of edges added
here is O(t - n'1€) = O(n'*€) (the last equality is valid for fixed ¢ or even for
t = O(log n) as in our case).

It only remains to span the edges of R;. Choose a cover S* C Vj of V5 of
size s*. Connect all the vertices of A to all the vertices of S*. For every vertex
vy € Va, choose a neighbor s € S* and add the edge (s,v2) to the spanner.
It is easy to check that all the edges of R; are spanned now, with an arbitrary
alternative G—path of length exactly 2t + 1. Note that the number of edges in
this spanner is s* - n 4+ O(n'T¢) + O(n?>~%). Now, since n = o(n’'), 6, > 1/2
and s* > n%, the claim follows for large enough n. O
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Lemma 7. Given a 2t+1—spanner H(V, E') in G with no more than l-n edges,
for some I > 0, there exist a (polynomially constructible) cover S of Va of size
2l or less.

Proof. Starting with H change to a new 2t + 1—spanner H' as follows.

First, add to H all the edges of a; and b; (if they are not already in). Similarly,
add all the matching edges and the edges of G.

Now, consider the edges in R; N E’, namely the edges of R;, that are in the
spanner. Remove every such edge (al, Ugi_l), joining a matched copy ai of a to a
matched copy véi_l of vy. In the present situation, several of the R; edges may be
unspanned. Add for each such edge, an alternative G-path. The resulting graph
H' is still a legal 2t + 1 spanner.

Note that (beside the matching edges) for every i—cycle or m — i—cycle, we
may have entered 2 additional edges to H’, one joining a vertex a € A and a
vertex v; € V7, and the other joining the vertex v; to a vertex vy € V5. These are
the two relevant edges from the G—path. Let num denote the number of edges
in the new resulting spanner H'. By Corollary 1 num is bounded above by

num < 1-n+ 0(t-n't¢) 4+ o(n'+) 4 O(n2-01).

Note that, now, the only way to span the R; edges is using G—path.

Recall that by Lemma 5, for every vertex a € A and vy € V3, there are two
matching copies vgi_l and ai of v and a, that are neighbors in R;. Since the edge
e = (vé{l, at) is missing from H’, and we need to span this edge by a G—path,
it follows that a is connected to a neighbor vy € V; of vs. In other words, the
set S, of neighbors of a in V1, in the spanner H’, is a cover of V3 in G.

One one hand, note that the number of edges num in H' is bounded below
by:

num > Z [Sal >mn-s* > nitor,
acA
which implies that num > n'*%1. Now, since € < 6, and §; > 1/2, we necessarily

have that 2/ > n’t, for large enough n.
On the other hand, since:
num > Z [Sal-

acA

By averaging, it turns out that there is a cover S, of size num/n or less. Hence
the size of this set S, is bounded by I + O(t - n¢) + o(n’*) + O(n' =) < 2[ (the
last inequality, again, follows for large enough n).

Hence we may choose S, as the required cover. O

Now, the main theorem easily follows. For this theorem, let ¢ be a constant
such that it is NV P—hard to approximate set-cover within ratio ¢Inn. Then

Theorem 2. The k—spanner problem, for k > 5, can not be approximated
within ratio
C(l - 51)
8

-Inn,

unless P = NP.
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Proof. Again, it is only necessary to prove this result for odd values, k = 2t +
1, t> 2 of k. Assume an algorithm A that has the claimed ratio. Let G be an
instance of the (1 — d;)—set-cover as described above. Let s* be the size of the
minimum cover of V5 in G. Construct an instance G of the 2t 4+ 1-spanner as
described. By Lemma 6, the graph G admits a spanner with 2- s* - n edges. The
number of vertices, 71, in G is 6(n'*¢). Thus, In7z < 2Inn for large enough n.
By the assumption of the theorem, the algorithm A would produce a spanner of
size less than (c¢(1 —61)/8)-2-Inn-2-s*-n=(c(1 —01)/2) -Inn-s*-n.

Let I = (¢(1—61)/2)-Inn-s*. By Lemma 7, one derives from this construction
(in polynomial time) a cover of size no larger than ¢(1 — d1) - Inn - s*. This
contradicts Lemma 2. O

Similar logarithmic limitation on the approximability (but with slightly dif-
ferent construction) follows for the cases k = 3 and k = 4, and for the case k = 2
on 3—colorable graphs.

4 The weighted case

In this section, we deal with the following weighted version of the spanner prob-
lem. We are given a graph G with a weight function w(e) on the edges. We
assume the length of each edge to be 1. That is, once again, in every k—spanner,
a missing edge should be replaced by a path containing k edges or less. How-
ever, here we measure the quality of the spanner by its weight, namely, the sum
of weight of its edges. We look for a k—spanner with minimum weight. In this
section we prove an essential difference between the approximability of the cases
k = 2, and k > 5. First, we prove that for & = 2, this version of the problem
admits a O(log n) ratio approximation. This is done in a way similar to [[XP-92].
We sketch the variant of the method of [[K{P-92] needed here.

We say that a vertex v 2—helps in G’ an edge e = (w, z) if the two edges
(v,w) and (v, z) are included in G'. Le., in G’, there is an alternative path of
length 2 for e, that goes trough v.

The idea is to find a vertex v that 2—helps many edges of E, using low
weight. Consider each vertex v € G. Let N(v,G) be the graph induced in G
by the neighbors N(v) of v. For every neighbor z of v, put weight w(e) on z in
N(v,G), where e = (z,v). For any subset of the vertices V' C N(V), let e(V")
denote the number of edges inside V', and let w, (V") denote the sum of weights
of the vertices of V', in N (v, G). We look for a vertex v and a subset V' C N (v)
that achieves the following minimum:

e {7 1

It is important to note that the pair v, V' achieving this minimum, can be
found in polynomial time using flow techniques (cf. [GGT-89]). Given v and V|
one adds the edges connecting v and V| to the spanner. Note that in this way
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we 2—help (or span) all the edges internal to V', using low weight. This is done
in iterations, until the edges are exhausted.

It follows by a proof similar to the one in [[XP-92] that this greedy algorithm is
an O(log(|E|/|V]))—ratio approximation algorithm for the edge weighted
2—spanner problem. Details are therefore omitted.

Theorem 3. The edge weighted 2—spanner problem, in the case l(e) = 1, for
every edge e, admits an O(log(|E|/|V|))—ratio approximation algorithm.

However, for every k > 5, the problem has no 2'°9 "n_ ratio approximation,
for any ¢ > 0, unless NP C DTIM E(nP°'v!°9 ™). This, for example, indicates
that it is unlikely that there would be any polylogarithmic ratio approximation
for the edge weighted k—spanner problem, for & > 5. This result is discussed in

the next subsection.

4.1 The weighted case with &k > 5

In this subsection we consider the edge weighted k—spanner problem, for k& > 5,
in the special case where [(e) = 1 for every edge e. We essentially prove hardness
by giving a reduction from the one-round two-provers, interactive proof system.
However, for simplicity, we abstract away the relation to the interactive proof,
and describe the problem we reduce from in the following simpler way. There are
two versions to the problem, a maximization version and a minimization version.

We are given a bipartite graph G(V1, Va2, E). The sets V4 and V» are split into
a disjoint union of k sets: V; = Ule A; and Vs :;?:1 U B;.

The bipartite graph, and the partition of V4 and Vs, induce a super-graph
H in the following way. The vertices in H are the sets A; and Bj;. Two sets A;
and B; are connected by a (super) edge in H iff there exist a; € A; and b; € B;
which are adjacent in G. For our purposes, it is convenient (and possible) to
assume that that graph H is regular. Say that every vertex in H has degree d,
and hence, the number of super-edges is h =k - d.

In the maximization version, which we call Max-rep, we need to select a
single “representative” vertex a; € A; from each subset A; and a single vertex
“representative” b; € B; from each Bj. We say that a super-edge (A;, B;) is
covered if the two corresponding representatives, are neighbors in G, namely
(a;,b;) € E. The goal is to (chose a single representative from each set and)
maximize the number of super-edges covered.

Let us now recall the SAT, problem, which is the decision version of the
satisfiability problem. A CNF boolean formula [ is given, and the question is
weather there is an assignment satisfying all the clauses. The following result
follows from [F1.-92] and [R-95]. See also, [LY-93].

Theorem 4. For any 0 < € < 1, there exist a quasi-polynomial reduction of the
satisfiability problem, to an instance G of Maz-rep of size n, such that if I is
satisfiable, there is a set of unique representatives that cover all h =k - d super-
edges, and if the formula is not satisfiable, in the best choice of representatives,

it is possible to cover no more than h/21°g17€” of the super-edges. ad
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The following easily follows from Theorem 4.

Theorem 5. Unless NP C DTIM E(nP°09 ™) for any ¢ > 0 Maz-rep admits
no 218" " _ratio approzximation. 0O

We need a slight minimization variant of Max-rep which we call Min-rep. In
this case one needs to choose a minimum size subset C C V; U V5. Unlike the
maximum version of the problem, in the minimization version of the problem,
one may choose to include in C many vertices of each set A; and B;. In Min-rep
it is required to cover every super-edge, namely that for each super-edge (4;, B;)
there is a pair a; € A; and b; € B; that both belong to C, such that (a;,b;) € E.

A limitation on the approximability of Min-rep, similar to the one for Max-
rep, follows easily from Theorem 4. The reduction here is rather standard (it is
implicit in [LY-93]).

Theorem 6. Unless NP C DTIM E(nP°!°9 ™), for any ¢ > 0 Min-rep admits
no 21°8" " _ratio approximation algorithm. 0O

By reducing Min-rep to the edge weighted k—spanner problem, for k > 5 we
get:

Theorem 7. Unless NP C DTIM E(nP°°9 ), the edge weighted k—spanner

problem, for k > 5, admits no 208" " _ratio approximation, for any e > 0, even
when restricted to bipartite graphs.

In conclusion, we leave open the question of weather a similar “gap” in the
approximability of & = 2, and & > 5 is valid also in the un-weighted case.
The goal is either to prove evidence for such a gap, or give a logarithmic ratio
approximation algorithms for fixed values of k. Also, the case of k = 3 and k =4
deserves attention.
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Abstract. We present randomized approximation algorithms for the
circular arc graph colouring problem and for the problem of bandwidth
allocation in all-optical ring networks. We obtain a factor-of-(1 + 1/e +
o(1)) randomized approximation algorithm for the arc colouring problem,
an improvement over the best previously known performance ratio of
5/3. For the problem of allocating bandwidth in an all-optical WDM
(wavelength division multiplexing) ring network, we present a factor-of-
(1.5+1/2e+0(1)) randomized approximation algorithm, improving upon
the best previously known performance ratio of 2.

1 Introduction

The circular arc colouring problem is the problem of finding a minimal colouring
of a set of arcs of a circle such that no two overlapping arcs share a colour.
Applications include problems in network design and scheduling. There have
been several investigations of the circular arc colouring problem ([17],[5]). The
problem was shown to be NP-complete by Garey, Johnson, Miller and Papadim-
itriou in [5]. Tucker [17] reduced the problem to an integral multicommodity
flow problem. For the special case of the proper circular arc colouring problem
(a set of circular arcs is proper if no arc is contained in another), as an O(n?)
algorithm is due to Orlin, Bonuccelli and Bovet [12]. For the general case, Tucker
[17] gave a simple approximation algorithm with an approximation ratio of 2.
An approximation algorithm with a performance ratio of 5/3 is due to Shih and
Hsu [15].

We present a randomized approximation algorithm that achieves a perfor-
mance ratio of 1 + 1/e 4 o(1) for instances where d = 2(Inn), where d is the
minimum number of colours needed and n the number of distinct arc endpoints.
Optical networks make it possible to transmit data at very high speeds, of the
order of several gigabits per second. Electronic switches can not operate at such
high speeds, so to enable data transmission at high speeds, it is necessary to
keep the signal in optical form. Such networks are termed all-optical networks.

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 147-159, 1998.
© Springer-Verlag Berlin Heidelberg 1998
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Wavelength division multiplexing (WDM) is a technology which allows for mul-
tiple signals to be carried over a link by laser beams with different wavelengths.
We can think of these signals as light beams of different colours. As a signal
is to be carried by the same beam of light throughout its path, a wavelength
needs to be assigned to each connectivity request. To prevent interference, wave-
lengths must be assigned in such a way that no two paths that share a link are
assigned the same wavelength. Several different network topologies have been
studied, including trees, rings, trees of rings, and meshes ([14,3,10,3,7]). Rings
are a very common topology: nodes in an area are usually interconnected by
means of a ring network. Also, sometimes WDM networks evolve from existing
fibre networks such as SONET rings. For the problem of bandwidth allocation
in rings, Raghavan and Upfal [14] give an approximation algorithm within twice
the optimal. We present an algorithm that has an asymptotic performance ra-
tio of 1.5 + 1/2e + o(1), except when the bandwidth requirement is very small.
Communication in SONET rings requires establishing point-to-point paths and
the allocation of bandwidth to paths in a conflict-free manner (see [2]). The al-
gorithmic aspect of the task is identical to that in WDM networks. Our solution,
therefore, extends to this problem as well.

2 Arc Colouring and Multicommodity Flows

We are given a family F' of arcs. An overlap set is the set of all arcs in F' that
contain some particular point on the circle. We will refer to the size of the largest
overlap set as the width of F. Let po,p1,---pn—1 be the n distinct endpoints of
arcs in F', in clockwise order starting from some arbitrary point on the circle.
An arc that runs clockwise from p; to p;41 for some i, or from p,,_1 to pg, is an
arc of unit length. The chromatic number of F, denoted by ~(F), is the smallest
number of colours required to colour F'.

Let d be the width of F. We begin by adding extra arcs of unit length to F
in order to get a family of arcs of uniform width, that is, one in which all overlap
sets are of equal cardinality. Consider a point P on the circle, between some p;
and p;11. Let there be d’ arcs containing P. We add d—d’ arcs of unit length to F'
which run from p; to p;4+1. Doing this for every pair of consecutive endpoints, we
obtain a new family F’ of arcs which is of uniform width d. This transformation
helps simplify the description of our algorithm, and it is straightforward to show
that y(F') = v(F"). Now suppose we were to take each arc 4; of F’ that contains
the point po, and cut it at py to obtain two arcs: arc A} beginning at po, and arc
A? terminating at pg. The new family of arcs obtained is equivalent to a set of
intervals of the real line, and can be represented as such. Let Py, Py,---, P, be
the n endpoints of intervals in such a representation, ordered from left to right.
Arcs of the type A} can be represented as intervals S} beginning at P, while
arcs of type A? can be represented as intervals S? terminating at P,. Any other
arc runs from p; to p;, and does not contain py. Such an arc A; is represented as
an interval S; from P; to P;. Let I be the resulting set of intervals. I is of uniform
width, that is, there are exactly d intervals passing over any point between Py
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and P,,. I can be partitioned into d unit-width sets of intervals, Iy, 1o, ..., I,
such that S} is contained in I;. Note that a c-colouring of I in which each S}
gets the same colour as the corresponding S? is equivalent to a c-colouring of
F’. We will refer to such a colouring of I as a circular colouring.

Consider a multicommodity network N constructed as follows. The vertices
of N are labelled x; ;, i =1,2,...,d; j=0,1,2,...,2n — 1. An interval S; € I
originating at Pj and terminating at F; is represented by an edge from z; o
to x;2—1. If some edge terminates at x;2r—1 and another begins at x; o, for
some %, j and k, then we add an edge from ;2,1 to x;25. All edges have unit
capacity, and an edge can only carry an integral quantity of each commodity.
If a vertex has no edges incident on it, it is removed from NN. The source s; for
commodity 7 is located at x; ¢, and the corresponding destination ¢; is the vertex
Tjon—1 such that S? S Ij.

Let us refer to the set of all vertices labelled z; ; for some i as row j. We
will use the term column i to refer to the subgraph of N induced by the set
{z:; 1 7=0,1,2,...,2n — 1}. We will use the term layer i to mean the set of
edges that run between or cross over rows 2¢ and 2¢ 4+ 1. In other words, these
are the edges which have exactly one end-point in the set {z; | j < 2¢}.

Note that the number of rows in the network is 2n. We have added the
“extra” n rows for the permuting of colours between columns. Recall that when
at a point P some intervals terminate and new intervals begin, the new intervals
get a permutation of the colours present on the old intervals.

Lemma 1. A feasible flow of the d commodities in N is equivalent to a circular
d-colouring of 1.

The proof is deferred to the full paper. The network N can be used to decide if
the given family of arcs is d-colourable. We can also use a similar technique to
decide if it is k-colourable, for any k > d. Let F” be a family of arcs of uniform
width %k obtained by adding arcs of unit length to F’. It can be easily shown
that

Lemma 2. F' is k-colourable if and only if F" is k-colourable.

So to determine the smallest k£ such that F' is k-colourable, we keep adding unit-
length arcs to I’ to obtain a successively larger unit-width family F” of arcs
till we come to a point where the width k of F” is equal to y(F"). In terms
of the multicommodity flow network, this is equivalent to adding extra sources
and sinks as well as extra edges. The extra edges help us route the original d
commodities. k—d columns will have to be added to the network before a feasible
flow can be found. The extra commodities are easy to route. Let N’ be the flow
network corresponding to .

Lemma 3. If commodities 1,2,---,d can be routed in N’ from their sources to
the respective destinations, then all the commodities can be routed.

The proof is omitted for lack of space. Lemma 3 implies that we can modify N’
so that it contains the same d sources and d sinks as N. The remaining sources
and sinks can be removed. Henceforth, we will consider a network N’ with d
commodities.
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2.1 Approximating the Multicommodity Flow Problem

It is relatively straightforward to set up the multicommodity flow problem as a
0-1 integer program. Soving such a program is NP-complete [4], but relaxing the
integrality condition converts it into a linear programming problem which can be
solved in polynomial time. We set aside the integrality condition and obtain an
optimal solution. Next, we seek to use the information contained in the fractional
solution to obtain a good integer solution. To do this, we use a technique called
randomized rounding [13]. Randomized rounding involves finding a solution to
the rational relaxation of an integer problem, and using information derived from
that solution to obtain a provably good integer solution.

We begin with a network that has d columns, and keep adding columns till
a feasible solution to the LP relaxation is obtained. Let f be a flow obtained
by solving the linear program. f can be decomposed into d flows fi, fa, -, fd,
one for each commodity. Each f; can further be broken up into a set of paths
Py, Py, -+, P, from the source of commodity i to its destination. To do this,
consider the edge of f; carrying the smallest amount m;, and find a source-
destination path P; containing that edge. Associate amount m; with the path,
and subtract amount m; from the flow carried in f; by each edge along this
path. Repeat this process till no flow remains. This process of breaking a flow
into a set of paths is called path stripping [13]. Note that sz):l mj = 1.

In order to obtain an integer solution, we will select one path out of these p
paths, and use it to route commodity 7. To select a path, we cast a p-faced die
where my, ma, - - -, m, are the probabilities associated with the p faces. Perform-
ing such a selection for each commodity, we obtain a set S of d paths to route
the d commodities. However, these paths may not constitute a feasible solution
since some edge capacity constraints may be violated. Note that in the fractional
solution, an edge can carry more than one commodity. It is possible that more
than one of these commodities may select a path containing this edge, since the
d coin tosses to select the paths are performed independently. However, these
conflicts can be resolved by adding extra columns to the network. If there are h
paths in S that pass over some edge e, h — 1 will have to be rerouted.

Consider all the k edges in layer i of the network. There are d paths that
use some of these edges. Let d; edges out of these k edges be contained in some
path, d; < d. That means that r;, = d — d; paths will have to be rerouted.
Let » = max{r;}. Beginning at the first layer and proceeding layer-by-layer,
arbitrarily select the paths to be rerouted in case of conflicts. No more than r
paths are selected in any layer. The set of paths obtained can be routed easily
by adding r columns to the network. The task is analogous to r-colouring a set
of line intervals which has width 7.

Thus we get a 0-1 integer flow which routes all the commodities simultane-
ously. The network has k + r columns, corresponding to a k + r colouring of the
family F” of arcs. A bound on the value of k + 7 would give us a measure of the
goodness of our solution.
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2.2 Algorithm Performance

Consider again the edges in layer ¢ of the network. Let E; be the set of such
edges. d; of these edges are selected by the d commodities in the randomized
selection step. In order to minimize r, the number of columns to be added, we
need to show that d; is close to d with high probability.

In the selection step, each commodity randomly chooses a path, thereby
selecting one of the k edges of F;. This is akin to a ball being randomly placed in
one of k£ bins. The situation can be modelled by the classical occupancy problem
[11], where d balls are to be randomly and independently distributed into & bins.
Let Z be the random variable representing the number of non-empty bins at the
end. It can be shown that E(Z) is minimized when the distribution is uniform.
In that case, it is a simple exercise to show that E(Z) is at least d — d/e, where
e is the base of the natural logarithm.

To get a high confidence bound on r, we use a famous result in probability
theory, called Azuma’s Inequality [1]. Let Xo, X1,--- be a martingale sequence,
and | Xy — Xi_1| < ¢ for all k. Azuma’s Inequality says that

Theorem 1. For all t > 0 and for any A > 0, Pr[|X; — Xo| > A <
Zexp(—i‘;).

2 Zk:l Ci
Let X; denote the expected value of Z after ¢ balls have been distributed.
Xo, X1, -+, X4 is a martingale sequence, and application of Azuma’s Inequality
yields

Corollary 1. Pr[|Z — E(Z)| > \Wd] < 2exp(—)‘;)

Substituting v41Inn for A\, we find that with probability 1 — %, Z does not

deviate from its expected value by more than 2v/dInn. That is, with high prob-
ability, the number of paths that need to be rerouted due to conflicts at layer i
is no more than d/e+2+v/dInn. The probability that more than this many paths

need to be rerouted at any layer is no more than n - n2—2 = O(%) So with high

probability, r, the number of additional columns, is no more than d/e+2v/dInn.

So we have a randomized algorithm that finds a feasible integral flow using
upto k + d/e + 2v/dInn network columns. A feasible fractional solution requires
k columns, which implies that an integer solution would have at least k£ columns.
In terms of the original arc colouring problem, we obtain a colouring that uses
k+d/e + 2v/dlnn colours, where k is a lower bound on the number of colours
required by an optimal algorithm. This gives us our result:

Theorem 2. With high probability, our algorithm can colour a family of arcs
of width d using no more than OPT + d/e 4+ 2v/dInn colours, where n is the
number of distinct arc endpoints and OPT the number of colours required by an
optimal algorithm.

For the case where Inn = o(d), our algorithm has an asymptotic performance
ratio of 1 4+ 1/e. In most applications, this is the interesting range of values.
On the other hand, if d is sufficiently small, it is possible to solve the problem
optimally in polynomial time: for the case when dInd = O(lnn), a polynomial
time algorithm is presented in [5].
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3 The Bandwidth Assignment Problem in Optical Rings

We can represent a ring network as a circle, using points and arcs to denote
nodes and paths respectively. Let n denote the number of nodes in the ring.
We are given a set of communication requests, where each request is a (source,
destination) pair, and source and destination are points on the circle. The task
is to associate an arc with each request that connects the corresponding source
and destination, and assign a colour to each arc in such a way that the set of
arcs overlapping any particular point P on the circle does not contain more than
one occurence of any colour.

We define an instance to be a collection of requests and arcs (uncoloured as
yet). That is, some of the requests may have been routed. We say that a collection
C of arcs is derivable from I if C' can be obtained from I by routing the requests
of I. Let D(I) denote the collection of all such sets of arcs derivable from I. A
solution for an instance I is some C' € D(I) together with a valid colouring of C.
An optimal solution is the one that uses the fewest colours among all solutions.

When we solve an LP relaxation of the problem, an arc may receive several
colours in fractional quantities. If arc a receives quantity x of colour 7, we will
say that a fraction of weight z of a receives colour i. An undivided arc has weight
1. While working with fractional solutions, we will freely split arcs into fractions.
We will also extend the notion of weight to intervals of the real line.

We will use the term interval set to mean a collection of intervals of the real
line. The cross-section of an interval set S at point P is the sum of weights of
all intervals of S that contain P. The width of an interval set S is the largest
cross-section of S over all points P. In the case of a set of unsplit intervals, the
width is the size of the largest clique in the corresponding interval graph.

A conflicting pair of arcs is a pair of arcs (aj,as) such that every point on
the circle is contained in at least one of (a1, as), and there is some point on the
circle overlapped by both a1 and as. A parallel routing is a collection of arcs
that does not contain any conflicting pairs. In the following, we examine some
interesting and helpful properties of parallel routings.

Let C be a parallel routing, and S, the set of all arcs in C' that contain a
link e of the ring.

Lemma 4. S, does not contain the whole circle.

Proof. Assume otherwise. Let a be the arc in S whose clockwise endpoint is
farthest from e, and let b have the farthest anticlockwise endpoint. Clearly a
and b together contain the whole circle, and overlap each other over e. This
means that they constitute a conflicting pair, which is not possible in a parallel
routing.

As a and b together do not contain the whole circle, some link f is not contained
in either:

Lemma 5. For every link e there is another link f such that no arc of C' con-
tains both e and f.
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Each of e and f is a complement of the other. The removal of e and f would
break the ring into two halves. A complementary bisection CB(e, f) is a pair of
halves created by the removal of two links e and f which are complements of
each other.

Lemma 6. If both the endpoints of an arc lie in the same half of some comple-
mentary bisection CB(e, ), then in any parallel routing, that arc is contained
entirely in that half.

The following lemma lets us restrict our attention to parallel routings in the
search for an optimal solution. The simple proof is omitted and can be found in
the full paper.

Lemma 7. For any instance I there is an optimal solution Z whose arcs form
a parallel routing.

Define a (¢, w) colour partition of a family of arcs to be a partition into ¢ families
of arcs C1,Csy, - -+, C. each of width 1 and an interval set S of width w. The size
of such a partition is defined to be ¢ + w. An optimal colour partition is one
of minimum size. Colour-partitioning is related to colouring. It is easy to show
that

Lemma 8. An optimal colouring of a family of arcs that uses k colours is equiv-
alent to an optimal colour partition of size k.

The bandwidth allocation problem can now be looked upon as the problem of
routing a set of requests to minimise the size of the optimal colour partition of
the resultant routing, and obtaining such a colour partition.

3.1 The Allocation Algorithm

We can route a subset of the requests in I, the given instance, in accordance with
Lemmas 6 and 7. We select a link e randomly, and let us assume for the moment
that we know a link f with the following property: f is the complement of e in
some optimal solution Z,,; whose arcs constitute a parallel routing P. According
to Lemma 7, such a solution must exist. Consider a request r for which there is
a source-destination path p which does not include either of e and f. In Zp,
such a request r must be routed over p, in accordance with Lemma 6. We route
every such request r using the corresponding p. Let I’ be the instance resulting
from such routing. Clearly, P is still derivable from I’.

The remaining requests are the ones whose source and destination lie in dif-
ferent halves of C'B(e, f). We will refer to such requests as crossover requests.
We set up an integer program [ P(I') to route the crossover requests of I’ to
obtain I” € D(I) such that the size of the colour partition of I” is the small-
est among all the members of D(I). Our next step is to solve LP(I’), the LP
relaxation of TP(I’) to get an optimal fractional solution Zj.

Finally, we use information from Z to obtain an integer solution Zr provably
close to Zy. We try to replace the fractional quantities in Z with integer values
in such a way that the resulting solution Z; is a feasible solution to IP(I") and
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further, with high probability the objective function value of Z; is close to that
of Zf.

We assumed above that we know the edge f. However, this is not so. We can
remedy the situation by running the algorithm for all the possible n — 1 choices
of f and taking the best of the solutions obtained, giving us a solution no worse
than the one we would get if we knew the identity of f.

3.2 Integer Programming and LP Relaxation

Let r1, 79, -+, 7 be the [ crossover requests in I’. Each r; can either be routed as
arc b;, which overlaps link e, or as b;, the complementary arc. Let {ai,a2, - ,am}
be the collection of arcs obtained by taking all the arcs of the kind b; and b;
together with the arcs in I’. Let z; be the indicator variable that is 1 if r; is
routed as b; and 0 otherwise. Since all arcs b; must have distinct colours, we can
without loss of generality require that if arc b; is selected for r;, it must bear
colour i. Otherwise, colour ¢ will not be used. In other words, x; is the quantity
of colour i that is used. If these colours are not sufficient for all the arcs, some
arcs are allowed to remain uncoloured. Let {aj, az, -, am} be the collection of
all the arcs, including arcs of the kind b; or b;. Let ¥i,; be the indicator variable
that is 1 if arc a; gets colour j, and 0 otherwise. y; o = 1 if a; is uncoloured, and
0 otherwise. To avoid colour conflicts, we require that for each link g and colour
J, no more than amount x; of colour j should be present on all the arcs that
contain link g.

A feasible solution to this integer program IP(I’) is equivalent to a colour
partition, since each colour i is present on a family of arcs of width 1, and the
uncoloured arcs constitute an interval set since none of them contain link e. The
objective function is therefore set up to minimize the size of this colour partition.

Consider a feasible solution F' to IP(I'). F contains some I’ € D(I), since
each request of I’ has been assigned an arc. Each colour 7 is present on a family
of arcs of width 1, and the uncoloured arcs constitute an interval set since none
of them contain link e. Therefore, F' contains a colour partition of I”. As the
objective function is set up to minimise the size of the colour partition, an
optimal solution must represent an I’ with the smallest-sized colour partition
among all the members of D(T).

The next step in our algorithm is to obtain an optimal solution to LP(I"),
the LP relaxation of IP(I’). But before we relax the integrality condition and
solve the resulting linear program, we will introduce an additional constraint:
colour i is not a valid colour for b;. This is not required in the integer program
since if 7; is routed as b;, x; is 0 and colour 7 is not used at all. However, with the
relaxation it is possible for r; to be split between b; and b;. We wish to ensure
that b; and b; do not end up sharing colour ¢. Since the additional constraint
is redundant in the integer program, it does not alter the solution space of the
integer program, and hence does not change the optimal solution. We solve the
linear program to get an optimal fractional solution Z.

Our rounding technique requires our fractional solution to satisfy the follow-

ing property:
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Property 1. For each i such that z; # 0, the corresponding b; is entirely un-
coloured.

It is not possible to express this property as a linear constraint. We modify
Z¢ by recolouring techniques to obtain a sub-optimal fractional solution Z that
satisfies it. A description of the recolouring techniques involved is deferred to
the full paper. The recolouring process may cause an increase in the objective
function value and a decrease in the total amount of colour used.

The last step in our bandwidth allocation algorithm is the computation of a
good integer solution Z; to the integer program I P(I’) formulated above. This
involves rounding off the fractional quantities in the fractional solution Z to
integer values in a randomized fashion.

Z resembles the solution to the multicommodity flow problem in Section 2.1
and can be looked upon as a collection of flows. Let P be a point in the middle of
link e. Quantity x; of colour ¢ flows from P round the circle and back to P. The
flow of colour 7 can be decomposed into paths Pi, Ps, - - -, P,, where each P; is a
family of circular arcs of width 1. An amount m; of colour ¢ is associated with
Pj, and > m; = x;. We associate probability m; with each P;, and use a coin
toss to select one of them. With probability z;, some Py is selected. We use the
arcs of Py to carry a unit amount of colour . With probability 1 — x; no path is
selected, in which case r; will be routed as arc b; (and may be selected to carry
some other colour). We repeat this procedure independently for each colour 4. If
two or more different colours select some arc a;, we randomly pick one of them
for a;. If no colour picks a,, it is added to the interval set of uncoloured arcs.

At the end of this procedure, all fractional quantities have been converted
into 0 or 1, and the constraints are still satisfied. Let us see how far this integer
solution is from the optimal.

3.3 Algorithm Performance

First of all, the objective function value of the optimal fractional solution Z; is
obviously a lower bound on that of an optimal solution to I P(I’). Let us compare
our final integer solution Z; with Zy. Let 27, z and z* be the objective funtion
values of Z;, Z and Zy respectively, and let A = z; — 2*. In the following, we
try to bound A. Let Ay = z; — z and Ay = z — 2*. Then A = Ay + As.

As we mentioned earlier, the objective function value may increase during the
recolouring process while the amount of colour used may decrease. Let ¢ = le T;
denote the total amount of colour in Z. Let ¢y and ¢ be the corresponding
quantities for Zy and Z; respectively. Our recolouring technique achieves the
following bound on As, the cost of recolouring,.

Lemma 9. 0<z—2" <c¢cy—c<cp/2<2"/2.

The details are deferred to the full paper. Let us now estimate A;. Let S be
the uncoloured interval set contained in Z and let w be its width. Let S’ be
the uncoloured interval set of width w’ in Z;. Let ¢ = le x; denote the total
amount of colour in Z. Let ¢’ be the corresponding quantity in case of Z;. The
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following bounds, due to Hoeffding [9], are useful in estimating ¢’ — ¢. Consider
a quantity X that is the sum of n independent Poisson trials, Then

Lemma 10.

Pr(X —E(X) > nd] < e for 6> 0. (1)
Pr[X — E(X) > 6E(X)] < 5B where 0<5 < 1. 2)

Let there be m colours in use in the fractional solution Z. Each of these is
involved in coin-tossing and path selection.

Lemma 11. Pr[d —c¢> vVmlIn¢ < 1

Proof. We can regard ¢’ as a sum of m Poisson trials with associated probabilities

x;. The expected value of ¢’ is ¢. The result follows from (1) when 4/ 1“70 is
substituted for 4.

Next, let us bound |w’ — w|. We use the following result due to McDiarmid [9].

Lemma 12. Let X1, Xo, ..., X, be independent random variables, with X; tak-
ing values in a set A; for each i. Suppose that the (measurable) function f :
ITA; — R satisfies

[F(X) = F(XN)] < e
whenever the vectors X and X' differ only in the i'" coordinate. Let Y be the
random variable f(X1,Xa,...,Xy). Then for any ¢ >0,

Pr(|Y —E(Y)| > /o), ¢i/2] < 2e77.
Lemma 13. Prljw’ — E[w']| > VmInd] < 2.

Proof. w' is a function of m inpependent choices. ¢; is 1 if #; = 1, and 2 if
0 <z; <1.S0 >, ¢?/2 is no more than m, and Lemma 12 yields

Pr(|w’ — E[w']| > /¢ m] < 2e~¢

Substituting In ¢ for ¢ gives us the desired expression.

Lemmas 14 to 20 seek to bound E[w']. Let wy, w1, and ws , denote the cross-
sections of S, S; and Sy respectively at a point p on the ring. Let wj,, w} , and
wy , be the respective quantities for 7, S] and 5. Using Lemma 12 it is straight-
forward to establish the following two bounds.

Lemma 14. Pr[|w] , — w1 | > y/m(Inn 4 2Inc)] < 2.
Lemma 15. Pr[jw) , — wz,| > ¢/e+ /Z(Inn+2Inc)] < 2.
Lemma 16. Pr(jw, —wy| > c/e+ (1 + 1/v2)y/m(lnn +2Inc)] < 2.

Proof. As |w;, — wp| < |w)] , — w1 | + [wy,, — w2y, the result follows directly
from Lemmas 14 and 15.

Lemma 16 implies that
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Lemma 17. Prmax, {w], —w,} > ¢/e + (1 +1/v2)\/m(lnn +2Inc)] < 4.

We will use the following lemma, the validity of which follows from the definition
of expectation.

Lemma 18. For any random variable X and value x, suppose that Pr[X >
x0] < p. Let Tmaq be the largest possible value of X. Then:
E(X) < (1 - p)xo + PTmax-

Lemma 19. E(max, {w), —w,}) < c¢/e+2y/m(lnn +1Inc) +8/c.

Proof. Follows from Lemmas 17 and 18 and the fact that wj, —w, can not exceed
2¢c.

Lemma 20. E(v') <w+c/e+2y/m(lnn+21lnc) + 8/c.

Proof. w' < w + max;, {w;, — wp}, so
E(w') < w + E(max, {w;, — wp}).
This in conjunction with Lemma 19 yields the result.

The following bound on w’ follows from Lemmas 13 and 20:

Lemma 21. With probability at least 1 — %,

w <w+cfe+2y/m(Inn+2Ine) +8/c+ vVmlne.

Lemma 22. With probability at least 1 — 2, Ay < c¢/e +2y/m(Inn + 2Inc) +
8/c+vVmlne.

Proof. We know that Ay =27 — 2= (¢ +w') — (c+w) = (¢ —¢) + (v — w).
Lemma 11 tells us that with probability at least 1 — %, d —c < vVmlne.
Lemma 21 gives us a similar high probability bound on w’ — w. Together, they

directly imply the above bound on A;.

Lemma 23. With high probability, z; is no more than z*(3 + & + o(1)) +

O(Vz*1lnn). -

Proof. A= A1+ As. Let ¢ =cy —x- 2", where ¢y is the total amount of colour
in Zy. This means that ¢ < ¢y —x - ¢y, since ¢y is a lower bound on z*. Lemma
9 implies that Ay < - z*, and that = can not be more than %

Together with Lemma 22, this implies that with high probability,

A<z -z*4c/e+2y/m(lnn+2Inc) +8/c+ vmlnc.
The expression on the right reduces to z*(z — £ 4+ 1 4+ 0(1)) + O(vz* Inn). Since
A = zr — z*, and x can not exceed % (Lemma 9), we have our result.

27 is the size of the colour partition of I’ computed by our algorithm. Since a
colour partition of size z; results in a colouring that uses z; colours, and since
z*, the value of an optimal solution to LP(I’), is a lower bound on the value of
an optimal solution to IP(I"), we have our main result:
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Theorem 3. With high probability, our algorithm requires no more than OPT
(1.5 + 1/2e + o(1)) + O(VOPT Inn) wavelengths to accomodate a given set I
of communication requests, where OPT is the smallest number of wavelengths

sufficient for I.

Some of the latest WDM systems involve over a hundred wavelengths. In such
a system, VOPT Inn is likely to be considerably smaller than OPT, giving
us a performance ratio close to 1.5 + 1/2e. In the case of SONET rings the
available bandwidth is often much larger, which means that Inn is typically
o(OPT).
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Abstract. In this paper we study lower bounds and approximation al-
gorithms for the independence number a(G) in k-clique-free graphs G.
Ajtai et al. [1] showed that there exists an absolute constant ¢; such that
for any k-clique-free graph G on n vertices and with average degree d,
a(G) > Mn.

We improve this lower bound for a(G) as follows: Let G be a connected
k-clique-free graph on n vertices with maximum degree A(G) < n — 2.
Then a(G) > n(d(k —2)?log(d(k —2)?) —d(k —2)* +1)/(d(k —2)* —1)?
for d > 2.

For graphs with moderate maximum degree Halldérsson and J. Radhakr-
ishnan [9] presented an algorithm with a O(A/loglog A) performance
ratio. We will show that loglog A in the denominator can be replaced by
log A to improve the performance ratio of this algorithm. This is based
on our improved lower bound for a(G) in k-clique-free graphs.

For graphs with moderate to large values of A Halldérsson and J. Rad-
hakrishnan [9] presented an algorithm with a A/6(1+0(1)) performance
ratio. We will show that, for a given integer g > 3, this performance ratio
can be improved to A/2¢(1 4 o(1)).

Key words: Graph, Maximum Independent Set, k-Clique, Algorithm, Com-
plexity, Approximation

1 Introduction

We use Bondy & Murty [5] and Garey & Johnson [7] for terminology and notation
not defined here and consider simple graphs only.

An independent set (clique) I in a graph G on n vertices is a set of vertices
in which no (every) two are adjacent. The cardinality of an independent set
(clique) of maximum cardinality will be denoted by «(G) and w(G), respectively.
Obviously, an independent set I in G forms a clique in G¢ and vice versa.

The computation of a(G) and w(G) are well-known NP-complete problems
(cf. [7]). Considerable progress has been achieved in the last few years concerning
the non-approximability of these problems.

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 159-168, 1998.
© Springer-Verlag Berlin Heidelberg 1998
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In [2] Arora et al. proved the following theorem.

Theorem 1. If P # NP then there exists an € > 0 such that no polynomial
time approximation algorithm for o(G) can have a performance ratio of O(n®).

This was improved by Hastad [8] as follows.

Theorem 2. For any € > 0 there is no polynomial time approximation algo-
rithm for o(G) with a performance ratio of O(n'=¢) unless NP = co — RP.

Boppana and Halldérsson [4] developed a Ramsey-Algorithm with a perfor-
mance ratio of O(n/log?n). In spite of considerable effort, no approximation
algorithm with a better performance ratio is known so far.

Since the general problem is apparently hard, it is natural to ask what kind
of restrictions make the problem easier to approximate. A large number of ap-
proximation results have been obtained in terms of the maximum vertex degree
A(G) of G.

Among these graphs with bounded maximum degree have been studied in-
tensively (cf. e.g. [3],[9], [L0]).

For graphs with moderate maximum degree Halldérsson and J. Radhakrish-
nan [9] presented an algorithm with a O(A/loglogA) performance ratio. We will
show that loglog A in the denominator can be replaced by log A to improve the
performance ratio of this algorithm. This is based on an improved lower bound
for a(G) in k-clique-free graphs which we are going to prove in the next section.

For graphs with moderate to large values of A Halld6rsson and J. Radhakr-
ishnan [9] presented an algorithm with a A/6(1 4 o(1)) performance ratio. We
will show that, for a given integer ¢ > 3, this performance ratio can be improved
to A/2q(1 4+ o(1)).

Additional notation For an independent set algorithm Alg, Alg(G) is the
size of the solution obtained by the algorithm applied on the graph G. The
performance ratio of the algorithm in question is defined by

a(G)
Alg(G)

= max
p G

2 The Independence Number in k-Clique-Free Graphs

In [1] Ajtai et al. showed the following theorem for k-clique-free graphs.

Theorem 3. There exists an absolute constant c1 such that for any k-clique-free
graph G,

log((log d)/k)
alG) > ¢ — "



Approximating Maximum Independent Set in k-Clique-Free Graphs 161

Here we show how the approach of Shearer [13],[14] can be extended to k-
clique-free graphs to improve the above theorem. As a key observation we will
make use of the following corollary which can be deduced from Turan’s theorem
[16]. For a vertex v of G let |E(G[N(v)])| denote the cardinality of the edge set
of G[N(v)], i.e. the graph induced by the neighbours of the vertex v.

Corollary 4. In a k-clique-free graph G,

for every vertex v € V(G).

In [13] Shearer showed for triangle-free graphs that a(G) > nf(d) where
f(d) = (d log d—d+1)/(d—1)% f(0) = 1, f(1) = 1/2 and d is the average
degree of G. Note that f is the solution to the diffential equation

(d+1)f(d) =1+ (d—d*)f'(d),  f(0)=1. (1)

In [14] Shearer slightly strengthened this result by replacing the differential
equation (1) with the difference equation

(d+1)f(d) =1+ (d-d*)[f(d) - f(d=-1)],  f(0)=1. (2)

and the term nf(d) with Y1 | f(d;), where d1,do, ..., d, is the degree sequence
of the graph G.

The solution of the difference equation lies above the solution of the differ-
ential equation (for d > 2); however, for d — oo the asymptotic behaviour is the
same.

For a suitable constant ¢, 0 < ¢ < 1, we extend the difference equation (2)
to the following difference equation

1
([d+1)f(d) =1+c(d=d)f(d) = fd=D)], [(d)=~—7.0d<k-2 (3)
and will show that a(G) > Y | f(d;) in k-clique-free graphs.
The corresponding differential equation is

! <k-2

(d+1)f(d) =1+c(d—d*)f'(d),  f(d)= arplsds (4)

with the solution f(d) = (d/c log d/c—d/c+1)/(d/c—1)% f(d) = 727,0 < d <
k — 2. Again the solution of the difference equation lies above the solution of the
differential equation (for d > 2); however, for d — oo the asymptotic behaviour
is the same.

We will need the following technical lemma.
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Lemma 5. Suppose f(d) = % ford>1and f(d) = 75,0<d <
k—2. Then

(i) f(d) > gig for d >0,

(i) f(d) is decreasing and

(iii) f(d—1) — f(d) is decreasing (i.e. f is convez).

Proof. (extract) (i) can be shown by induction using the difference equation. By
induction and using the difference equation and (i) we obtain (ii). By a tedious
calculation we can show that f(d—1) — f(d+1) < 2(f(d—1) — f(d)) implying
(iii). ad

Before stating our main theorem we will make some useful assumptions. Since
the computation of o(G) is additive with respect to the components of G we may
assume that G is connected. Next we may assume that G satisfies A(G) < n—2.
Otherwise, a(G) = (G — v) for a vertex v € V(G) with d(v) = A(G) =n —1
and we could reduce the problem size.

Therefore we may assume from now on that G is connected and has maximum
degree A(G) < n — 2. This leads to the following useful corollary.

Corollary 6. For every vertex v € V(G) there are two vertices uw € N(v) and
w ¢ N[v] = N(v)U{v} such that uw € E(G).

Theorem 7. Let G be a connected k-clique-free graph on n vertices with A(G) <
n—2. Let f(d) = 74,0 < d < k—2, f(d) = HSETDIED for d > k—1. Then
Oé(G) 2 Z?:l f( ) fOT CcC = ﬁ

Corollary 8. Let G be a connected k-clique-free graph on n vertices with A(G

)
n—2. Then a(G) > n- f(d) > n- f(A) > n(A(k — 2)?log(A(k — 2)?) — A(k
2)2 +1)/(A(k —2)%2 —1)2 for d > 2.

<

Remark: If necessary, we will use in the following the notation fi(d) instead

of f(d).

Proof. Note that f(d) and [f(d) — f(d + 1)] are decreasing as d — oco. We will
prove the theorem by induction on n. Clearly it holds for n = 1. Let S =
S, f(d;) and let i be a vertex of G. Define N* to be the set of neighbours
of vertex 7 and N3 to be the set of vertices in G which are at distance 2 from
i. For ¢ € Nj let n)be the number of neighbours in N*, i.e. n/ is the number
of common neighbours of q and i. Define H; to be the graph formed from G
by deleting i and its neighbours. Let di,...,d, be the degree sequence of H;,
where n’ = |V (H;)|. Let T; = ", f(d}). Then

Ty=S—f(di)— Y f(dj)+ > [f(dg—ni) — f(dg)]- (5)

JEN? gqENS

Hence if we can find an 7 such that
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L= f(di) = > f(dj)+ > [f(dg —ni) — f(dg)] >0 (6)

JEN qEN]

the result will follow by induction (adjoin 4 to a maximum independent set
in H;.) In fact we will show that (6) holds on average. Let

A= 1= f(d) = D Flds)+ Y [f(dg =) = fldy)]] (7)

JEN? qEN]

By interchanging the order of summation, we obtain

A== (di+ 1) f(di) + D> [f(di —n) — £(da)]]. (8)
1=1

qEN]

Note that ¢ € Nj < i € NJ and n}, = n{. Let

B = Y [f(di —n}) — f(di)]]. 9)

qENS

Thus we have f(d; —n})— f(d;) > n}[f(di—1)— f(d;)] since f(d)— f(d+1) is
a decreasing function of d. Let ¢;(¢) denote the number of neighbours of a vertex
j € N*in N%. Hence

Bi > [ > (dj —t;(i) = VI[f(di — 1) — £(di)]]. (10)

JEN?

Let E be the edge set of G. Then summing up both sides of (10) over i gives

Y Biz Y ((dy—t() = DIf(di — 1) = f(di)]
i=1

(i,j)eF
+(di —ti(j) = D[f(d; — 1) — f(d))]]- (11)

Since f(d) — f(d + 1) is decreasing we have (d; — d;)[[f(d; — 1) — f(d;)]—
[f(d; — 1) — f(dy)]] > 0 which implies

DBz > ldi—t;() = DIf(di 1) = f(d)

(i,j)eE

+(dj — (7)) = DIy = 1) = f(d))]] (12)
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> S max(1, (g — d)If(di = 1) = F(d)], (13)

applying corollary 4 and 6. Especially, every missing edge in G[N?] con-
tributes (at least) two edges between G[N'] and G[Ni]. This leads to the term
ﬁdf —d;.

Now we try to find a suitable constant c; such that

1
——d? —d; > e (d? — dy). 14
= di 2 (@ — d) (14)
Therefore,
(1—=3)d; —1 k-3 d
ok < =1- :
d; — 1 k—2 d;—1

and thus ¢, = ﬁ satisfies

d? —d;)) >

1 2

max(1

Substituting (13) into (8) then gives

A>3 "1 (di + 1) f(di) + er(d? — di)[f(di — 1) — f(dy)]. (16)

i=1

Hence A > 0 since we have chosen f so that each term in the sum in (16) is
0. Hence an 4 satisfying (6) must exist completing the proof.
O

Remark: As indicated after (6) the proof provides a polynomial time algo-
rithm to construct an independent set of size at least >, f(d;). We will call
this algorithm k-clique-free Algorithm(G).

3 Approximating Maximum Independent Set

In [9] Halldérsson and J. Radhakrishnan present an approximation algorithm
based on Theorem 3 by Ajtai, Erdos, Komlés and Szemerédi [1] named AEKS.
It contains the algorithm called CliqueCollection which is based on the subgraph
removal approach introduced in [4]. For a given integer [ it finds in G a maximal
collection of disjoint cliques of size [; in other words, S is a set of mutually non-
intersecting cliques of size [ such that the graph G — S contains no l-cliques.
Such a collection can be found in O(A!~!n) time by exhaustive search for a
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(I-1)-clique in the neighbourhood of each vertex. That is polynomial whenever
I =0(logn).

As in [9] an independent set is mazimal (MIS) if adding any further vertices
to the set violates its independence. An MIS is easy to find and provides a
sufficient general lower bound of a(G) > n/(A + 1).

Combining CliqueCollection and MIS leads to the algorithm AEKS-SR(G)
presented in [9].
AEKS-SR(G)
G’ — G — CliqueCollection(G, ¢y loglog A)
return max (AEKS(G’), MIS(G))
end

Theorem 9. The performance ratio of AEKS-SR is O(A/loglog A).

Using Theorem 7 we can show the following improved performance ratio of
AEKS-SR.

Theorem 10. The performance ratio of AEKS-SR is O(A/log A).

Proof. Let k denote ¢ log A, and let n’ denote the order of V(G'). A maximum
independent set collects at most one vertex from each k-clique, for at most
a(@) <n/k+n' <2max(n/k,n’),
while the size of the solution found by AEKS-SR is at least
1 k k
(A—Hn, an) 2 A—H max(n/k, n/).

The ratio between the two of them clearly satisfies the claim.

AEKS — SR(G) > max

O

Observe that this combined method runs in polynomial time for A as large as
1/logn
n .

We now turn our attention to approximation algorithms for moderate to large
maximum degree. Using Theorem 7 we will show how the method presented in
[9] with an asymptotic A/6(1 + o(1)) performance ratio can be improved to
achieve an asymptotic performance ratio of A/2¢(1 + o(1)) for a given integer
q > 3. First we recall the used approximation algorithms.

2-opt. Khanna et al. [11] studied a simple local search algorithm called 2-opt
in [9]. Starting with an initial maximal independent set I, it tries all possible ways
of adding two vertices and removing only one while retaining the independence
property. Hence it suffices to look at pairs adjacent to a common vertex in I.
The following was shown by Khanna et al. [11]:

Lemma 11. o(G) > 2 — opt > 0.
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For k-clique free graphs Halldérsson and Radhakrishnan [9] obtained im-
proved bounds.
Lemma 12. On a k-clique free graph G, a(G) > 2 — opt > ﬁn.

Remark: In [9] the weaker lower bound ALJrkn was shown. However, their

proof admits the stronger lower bound stated above. Actually, if A is a maximal
independent set, each vertex in V' — A has at least one neighbour in A. Since G
is k-clique free, for each vertex v € A, at most k-2 (instead of k-1) vertices can
be adjacent only to u and some other vertices not in A.

The algorithm CliqueRemoval;, then can be described as follows.

Clique Removaly,

Ap — MIS(G)

for [ = k downto 2 do

S« CliqueCollection(G,1)

G—G-S5

A; — 1 = clique — freeAlgorithm(Q)
od

Output A; of maximum cardinality
end

Theorem 13. Clique Removaly,, using 2-opt and [-clique-free achieves a perfor-
mance ratio of at most

32 Y ST U e Ve

for graphs of mazimum degree A > 3 in polynomial time O(n*), where p =
w(G)+ 1.

Proof. Let n; denote the number of vertices in the t-clique-free graph. Thus,
n>mn,>...>ng >ny > 0. From the approach of Nemhauser and Trotter [12]
we may assume that no = 0.

The size of the optimal solution is 7n, which can be bounded by

1 1 1
E(Tlp_i_l — ’er) = Z - n; + ETL (17)

(ng —mna) +...+ =D

™ <

p
=3

N~

K2

Then our algorithm is guaranteed to find an independent set of size at least

1+7 2

73" WBEL, Areog A (A

max|

by Lemma 11 and Lemma 12. Thus, the performance ratio p achieved by the
algorithm is bounded by
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™ ™ ™ ™
xEn amee f3(Ams T (A

As in [9] we derive from this , respectively, that

-

p < min|

P
>__ 7
T_A—i—?—p’
A+t—-1
ntgz +2 ) :3747 P
T 1
n < —-———n, j=3,...,k
YT fi(4)

Combining (17),(20) and (19), we find that

T 1
T< —=Sap+ —
P p

where
- 1 "L Ati-1
SA + 7
O ¥y vy D Sy
k
1 1 1 1
= — + = [(Hp — Hp) + A(= — -)].
L@ et A=)
Thus,
1
T < :
p(1—sa,/p)
Hence, from (18) and (21)
p 1

<
A+2—p 7 p(l—sap/p)

which simplifies to

o< A+2+psa,
o p+1

and we obtain the claimed inequality.

167

(21)
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If we now assume that A and p are growing functions, then the A/k term
will dominate for a A/2k asymptotic ratio.

Corollary 14. CliqueRemovaly, using 2-opt and l-clique-free achieves a per-
formance ratio of AJ2k (1 + o(1)) in polynomial time of O(n*).

Acknowledgments. We thank the three anonymous referees for their help-
ful suggestions and corrections. Very recently M. M. Halldérsson kindly lead our
attention to some related work in [15].
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Approximating an Interval Scheduling Problem
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Abstract. In this paper we consider a general interval scheduling prob-
lem. We show that, unless P = AP, this maximization problem cannot
be approximated in polynomial time within arbitrarily good precision.
On the other hand, we present a simple greedy algorithm that delivers a
solution with a value of at least % times the value of an optimal solution.
Finally, we investigate the quality of an LP-relaxation of a formulation
for the problem, by establishing an upper bound on the ratio between

the value of the LP-relaxation and the value of an optimal solution.

1 Introduction

Consider the following problem. Given are n k-tuples of intervals on the real
line, that is for each interval | a starting time s; and a finishing time f; (> s;)
is known, [ = 1,...,kn. We assume that all starting and finishing times are
integers. An interval is said to be active at time ¢ iff ¢ € [s;, f;). Two intervals
intersect iff there is a time ¢ during which both intervals are active. The problem
is to select as many intervals as possible such that (i) no two selected intervals
intersect, and (ii) at most one interval is selected from each k-tuple. A k-tuple
of intervals is sometimes referred to as a job. We refer to this problem as the Job
Interval Selection Problem with k intervals per job or JISPk for short. (Observe
that an instance where the number of intervals per job is not the same for all
jobs is easily transformed to an instance of JISPk for some k by duplicating
intervals).

An alternative way of looking at JISPk is by adopting a graph-theoretical
point of view. Indeed, let us construct a graph that has a node for each interval
and in which two nodes are connected if the corresponding intervals belong to
the same job (the job edges) or if the corresponding intervals intersect (the
intersection edges). (Notice that an edge in this graph can be a job edge as
well as an interval edge; this reflects the case when two intervals of a same job
intersect). JISPk is now equivalent to finding a maximum stable set in this graph.
Obviously, the graph induced by the job edges consists of n disjoint cliques of
size k, and the graph induced by the intersection edges is an interval graph.
Thus, the graph constructed is the edge union of an interval graph and a graph
consisting of n disjoint cliques of size k. Notice that in case k = 1 the problem
reduces to finding a maximum stable set in an interval graph.

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 169-180, 1998.
© Springer-Verlag Berlin Heidelberg 1998
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JISPE belongs to the field of interval scheduling problems. These problems
arise in a variety of settings. Here, we simply refer to Carter and Tovey ([3]),
Fischetti et al. ([6] ) and Kroon et al. ([11]) and the references contained therein
for examples of applications related to interval scheduling. JISPk is considered
in Nakajima and Hakimi ([12]) and in Keil ([9]).

Keil ([9]) proves that the problem of determing whether it is possible to select
n intervals is N'P-complete for JISP3, whereas he shows that this question is
solvable in polynomial time for JISP2. (This improved results in Nakajima and
Hakimi ([12])). On the other hand, Kolen ([10]) proved that given an integer K,
the question whether one can select at least K intervals is already NP-complete
for JISP2.

Our focus in this paper is on the following question: when restricting oneself
to polynomial time algorithms, how good (in terms of quality of the solution)
can one solve instances of JISPk, k > 2, in the worst case? Obviously, it follows
from Keil ([9]) that, unless P = NP, no polynomial time algorithm is able to
solve JISPk exactly. Even more, we establish in Sect. 3 that, unless P = NP, no
PTAS (see Sect. 2) exists for JISPE, for all k& > 2. On the other hand we present
in Sect. 4 a polynomial time approximation algorithm that delivers a solution
with a value of at least % times the value of an optimal solution. In Sect. 5 we
formulate JISPkK as an integer programming model and establish bounds on the
value of the LP-relaxation in terms of the value of an optimal solution. For an
overview of non-approximability results for ‘classical’ scheduling problems, we
refer to Hoogeveen et al. ([3]).

2 Preliminaries

A more extensive introduction to the issue of approximation and complexity can
be found in Papadimitriou and Yannakakis ([13]) and Crescenzi and Kann ([4]).
Here, we shortly list and describe some of the concepts we need.

— A polynomial time p-approximation algorithm for a maximization problem
P is a polynomial time algorithm that, for all instances, outputs a solution
with a value that is at least equal to p times the value of an optimal solution
of P.

— A polynomial time approzimation scheme (PTAS) is a family of polynomial
time (1 — €)-approximation algorithms for all € > 0.

— An L-reduction. Given two maximization problems A and B, an L-reduction
from A to B is a pair of functions R and S such that:

- R and S are computable in polynomial time,
- For any instance I of A with optimum cost OPT(I), R(I) is an instance
of B with optimum cost OPT(R(I)), such that

OPT(R(I)) < a- OPT(I), (1)

for some positive constant a.
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- For any feasible solution s of R(I), S(s) is a feasible solution of I such
that
OPT(I) — c(S(s)) < B+ (OPT(R(I)) — c(s)), (2)

for some positive constant 3, where ¢(S(s)) and ¢(s) denote the costs of
S(s) and s respectively.
An L-reduction is an approximation preserving reduction, that is, if problem
B can be approximated within 1 — e then problem A can be approximated
within 1 — afe (assuming that there is an L-reduction from A to B).
— The class MAX SNP is a class that contains optimization problems that are
approximable in polynomial time within a constant factor.
— The problem Mazimum Bounded 3-Satisfiability (MAX-3SAT-B):

Input: A set of Boolean variables X = {x1,x2,...,z,} and a set C' =
{C1,Cs,...,C,} of clauses over X. Each clause C; (j = 1,...,7) consists
of precisely three literals and each variable z; (i = 1,...,n) occurs at most

three times in C' (either as literal x; or as literal Z;).

Goal: Find a truth assignment for the variables such that the number of
satisfied clauses in C' is maximum.

Measure: The number of satisfied clauses in C.

Papadimitriou and Yannakakis ([13]) proved the following result:
Lemma 2.1. MAX-3SAT-B is MAX SNP-hard.
Arora et al. ([1]) proved the following result:

Lemma 2.2. If there exists a PTAS for some MAX SNP-hard problem, then
P=NP.

We now have sketched the tools that enable us to prove that JISPk has no
PTAS (unless P = N'P): this can be done by exhibiting an L-reduction from
MAX-3SAT-B and using Lemma’s 2.1 and 2.2.

3 A Non-approximability Result

Theorem 3.1. JISPk does not have a PTAS unless P = NP for each fized
k> 2.

Proof. We prove the theorem by presenting an L-reduction from MAX-3SAT-B
to JISP2. The result then follows from Lemma 2.1 and Lemma 2.2. Recall that
C ={Cy,Cy,...,C.} is a set consisting of r disjunctive clauses, each containing
exactly 3 literals. Let x1,x9,...,x, denote the variables in the r clauses and,
for each i = 1,...,n, let m(i) denote the number of occurrences of variable x;
(either as literal x; or as literal Z;). Arbitrarily index the occurrences of variable
x; as occurrence 1,2,...,m(i). Notice that without loss of generality we can
assume that each variable occurs at least twice in C', thus we have 2 < m(i) < 3
for all i and that ), m(i) = 3r.
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We now construct an instance of JISP2, that is a graph G = (V, E) which
is the edge union of an interval graph and a matching. Let I denote an in-
stance of MAX-3SAT-B and R(I) the corresponding instance of JISP2 with
corresponding optimal values OPT(I) and OPT(R(I)). For each variable x; in
I,i=1,...,n, we have a subgraph H1, = (V1;,E1l;) in R(I), where V1; =
{Tin, Fin, Tz, Figs - s Ty iy, Fiomeny } and E1; = {{T3;, Fij } U{Ti5, Fija }] 5 =
1,...,m(i)} (indices modulo m(i)). So for each variable x; in I we have a cycle
consisting of 2m(i) nodes in R(I) (see Fig. 1).

Fi.m()

Fa Ti.me)

Fig. 1. The subgraph H1;.

When no ambiguity is likely to arise, we refer to the nodes T;; (Fij), j =
1,...,m(7), in subgraph H1; as T-nodes (F-nodes).

For each clause C; in I, j = 1,...,r, we have a subgraph H2; = (V2;, E2;)
in R(I) as depicted in Fig. 2.

pL

VAR

p3; p2

Fig. 2. The subgraph H2;.

Again, when no ambiguity is likely to arise, we refer to the nodes pl;, p2;
and p3; in subgraph H2; as p-nodes. Notice that the size of a maximum stable
set in the graph H2; is bounded by 8; moreover, if one is not allowed to use
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p-nodes in a stable set, no more than 7 nodes from H2; can be in a stable set,
j=1...r

To connect the subgraphs introduced sofar in R([), consider some clause
C;, and consider the first variable occurring in this clause Cj, say ;. Let this
be the ¢-th occurrence of this variable z; in C, ¢ € {1,2,3}. If the variable x;
occurs as literal x; add the edge {pl;, Fi;} to E. If the variable x; occurs as
literal z; add the edge {pl;, Tiq} to E. Consider now the second (third) variable
occurring in Cj, say 7, and let this be the g-th occurrence of this variable x;
in C, q € {1,2,3}. If the variable x; occurs as literal z; add the edge {p2;, Fi4}
({p3;, F14}) to E. If the variable x; occurs as literal Z; add the edge {p2;,T},}
({p3;,Ti4}) to E. This is done for all clauses Cj, j =1,...,r.

Now the graph G = (V, E) is completely specified.

Let us argue that the resulting graph G is the edge union of an interval graph
and a matching, which implies that we have constructed an instance of JISP2.

Observe that no node in G has degree exceeding 3. We now exhibit a per-
fect matching M in G; these edges are the job edges (see Sect. 1). M consists
of two parts: edges in U;H1; and edges in U;H2;. For the first part we take
Ui{{Ti;, Fi;}| j =1,...,m(i)}. For the second part we take, foreachj =1,...,r,
the bold edges depicted in Fig. 3.

pL

P3, / P2

Fig. 3. The subgraph H2;.

Obviously, M is indeed a matching. Also, one easily verifies that the re-
maining edges in G (the intersection edges) form a set of disjoint paths, which
corresponds to an interval graph.

In order to show that this reduction fulfills inequalities (1) and (2), consider
the following. Observe that v = OPT(I) > 3r. (Indeed, by considering the
assignment: all variables true, and: all variables false, it follows that each clause
is true in at least in one of both assignments). We have:

OPT(R(I)) < 3r+8r=11r < 22v =22- OPT(I),

which proves (1). The first inequality follows from the fact that
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— at most m(i) nodes can be selected from each H1;,i=1,...,n (see Fig. 1),
and ). m(i) = 3r, and

— at most 8 nodes can be selected from each subgraph H2;, j =1,...,r (see
Fig. 2).

To establish (2), we do the following. Consider an arbitrary solution to R(I),
that is any stable set s in G with size ¢(s). We will map this solution s using
intermediate solutions s’ and s” to a solution of MAX-3SAT-B, called S(s). To
do this we need the following definition. A stable set s in G is called consistent
iff for each ¢ = 1,...,n, m(i) nodes from V1; are in s.

Now we state a procedure which takes as input a stable set s. The out-
put of the procedure is a consistent stable set called s’ with the property that

c(s') > c(s).

Procedure
Consider s. For i = 1,...,n, consider V1;. There are two possibilities.

1. m() nodes from V1; are in s. Then either all T-nodes or all F-nodes from
V1, are in s and we leave s unaltered.

2. Less than m(i) nodes from V'1; are in s. Let ¢T' (cF') be the number of T-
nodes (F-nodes) in V1; that are connected to p-nodes that are in s. (Notice
that ¢TI + cF < 3).

Distinguish two subcases:

o If ¢cT' > cF (I < cF), it follows that ¢F < 1 (¢I' < 1). Modify s by
selecting all F-nodes from V'1; (and undo the selection of any 7T-nodes
in s), and, if ¢F = 1, undo in s the selection of the p-node connected to
an F-node. Notice that this modification does not decrease the number
of nodes in the stable set.

e T = cF.In that case, select from V'1; all T-nodes, and undo the selection
of a p-node connected to a T-node. (Notice that there can be at most 1
such node). Again, modifying s in this way does not decrease the number
of selected nodes.

End of Procedure

After applying this procedure to any stable set s in G, a consistent solution s’ is
delivered. Now we describe how to modify s’ to get solution s”. Consider in s
those subgraphs H2; whose corresponding p-nodes all three cannot be chosen,
due to nodes from U;V'1; in s’. Suppose there are r — [ of those subgraphs in
§’. Then we modify s’ such that in [ subgraphs H2, 8 nodes are selected and
in 7 — [ subgraphs H2, 7 nodes (this is always possible, see Figs. 1 and 2).
This gives us a consistent solution s” with ¢(s”) > ¢(s’). Since s” is consistent,
it is now straightforward to identify the corresponding solution S(s) in MAX-
3SAT-B: simply set variable x;, i = 1,...,n true if all T-nodes in subgraph H1;
are selected in s”, else set z; false. How many clauses in I are satisfied by this
truth assignment? Observe that the construction of G implies that if for some
consistent stable set s each p-node from some H2; is connected to a node in
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U;V'1; that is in s, then the corresponding truth assignment renders clause C
not satisfied, and vice versa. Thus, by the construction of s, it follows that a
subgraph H2; for which 7 nodes are in s” corresponds to a not satisfied clause,
and otherwise the clause is satisfied, j = 1,...,r. This implies that [ clauses in
I are satisfied by this truth assignment.

Again, let v = OPT(I), and let ¢(S(s)) = I. The following (in)equalities are
true:

— ¢(s) < ¢(s”) (by construction),

— ¢(s")=3r+8l+7(r—1) = 10r + 1 (by construction), and

— OPT(R(I)) > 3r +8v+ 7(r —v) = 10r + v (consider the truth assignment
that is optimum for I; evidently, we can exhibit in R([)) a corresponding
stable set of size 107 + v).

Thus

OPT(R(I)) — c(s) > OPT(R(I)) — c(s") >
10r+v—(10r+1) =v—1=OPT(I)—c(S(s)),

which proves (2). O

This reduction is based on an NP-completeness proof in Kolen ([10]) (which in
turn was inspired by a reduction in Garey et al. ([7])). There are a number of
implications that can be observed from this reduction. First of all, the reduction
remains valid if there are restrictions on the number of intervals that is active at
time ¢ for some t. More specifically, let wy(I) be the number of intervals in I that
is active at time ¢, and define the mazimum intersection as w(I) = max; wy(I).
Notice that Theorem 3.1 remains true even when w(I) < 2 (whereas the problem
becomes trivial when w(I) < 1). Also, the reduction remains valid for short pro-
cessing times. Indeed, even if f; — s; = 2 for all intervals [, Theorem 3.1 remains
true (whereas the problem again becomes trivial in the case that f; —s; =1 for
all 7). Finally, observe the following. As mentioned in Sect. 1, Keil ([9]) proves
that the question whether one can select n intervals in a JISP2 instance is solv-
able in polynomial time. In fact, this result can also be proved as follows. Graphs
for which the size of a maximum matching equals the size of a minimum vertex
cover are said to have the Kdnig property. Since the complement of a minimum
vertex cover is a maximum stable set, it follows that for graphs with the Kdnig
property the cardinality of a maximum stable set can be found in polynomial
time. Now, the size of a maximum matching for a graph corresponding to a
JISP2 instance equals n. So the question Keil ([9]) answered is equivalent to the
question whether the graph corresponding to a JISP2 instance has the Konig
property. This problem can be solved in polynomial time (see Plummer ([14])
and the references contained therein).

4 An Approximation Algorithm

In this section we describe a simple ‘from-left-to-right’ algorithm, and show that

it is %—approximation algorithm. The algorithm can informally be described as
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follows: start ”at the left”, and take, repeatedly, the earliest ending feasible in-
terval. Applied to any instance I of JISPk, this gives at least %OPT(I). A more
formal description of the algorithm, referred to as GREEDY, is as follows. Let
G(I) be the set of intervals selected from I by GREEDY, and let J(i) be the set
of intervals belonging to the job corresponding to interval 7, i = 1,..., kn.

GREEDY:

T := —o0;

G(I) :=0;

S := set of all intervals in I;
while max;cgs; > T do

begin
i* :=arg(min;es{ fi| s; > T'}) (break ties arbitrarily);
G(I) =G U{i"};
S =8\ J(i*);
T := fi=;
end;

Obviously, GREEDY is a polynomial time algorithm.

Theorem 4.1. GREEDY is a %—appmm’mation algorithm for JISPk, k > 1.
Moreover, there exist instances of JISPk for which this bound is tight, for all
k> 2.

Proof. Consider some instance I of JISPk. Applying GREEDY gives us a solu-
tion with |G(I)] intervals selected. The idea of the proof is to partition I into two
instances I; and I, and show that for each of those instances it is impossible to
select more than |G(I)| intervals. Clearly, then no more than 2|G(I)| intervals
can be selected, proving the first part of the theorem.

Now, let I; consist of the jobs whose intervals are selected by GREEDY, and
let I, consist of all other jobs. Obviously, OPT (1) < |G(I)], since I; contains no
more as |G(I)| jobs. Let the finishing times of all intervals selected by GREEDY
be indexed e; < ez < ... < ejg and let eg = —oo. For each interval in I we
know that it is active at e; — 1 for some j =1,...,|G(I)|. (Otherwise it would
have been selected by GREEDY). In other words, all intervals in I5 that have a
starting time in [e;_1, e;) have a finishing time after time e;, j = 1,...,|G(I)|.
Thus at most one of those can be in a solution of I5. Since there are only
|G(I)| such time-intervals [e;_1,¢e;), at most |G(I)| intervals can be selected.
Summarizing, we have: OPT(I) < OPT(I;) + OPT (1) < |G(I)| + |G(I)].

To show that this is best possible for GREEDY, consider the instance of
JISP2 depicted in Fig. 4 (where the interval corresponding to job 2 has multi-
plicity 2).

It is easy to see that for this instance I, OPT(I) = 2, whereas |G(I)| =1. O

Remark 4.1. Notice that, for £ = 1, GREEDY reduces to a special case of an
algorithm described by Carlisle and Lloyd ([2]) and Faigle and Nawijn ([5]), and
hence always finds an optimal solution.
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job 1:

job 2:
Fig. 4. A worst-case instance for GREEDY.

5 An IP-formulation for JISPk

Consider now the following Integer Programming formulation (IP) for JISPk
which assumes wlog that job i consists of intervals k(i — 1) + 1,k(z — 1) +
2,...,ki. Let x; = 1 if interval [ is selected and 0 otherwise, and let A(l) =
{j : interval j is active at f; — 1}, 1 =1,...,kn. (Notice that [ € A(l)).

(IP) Maximize -
subject to wp(i—1y41 + ... F xR <1 foralli=1,...,n, (3)
ZjeA(l) xz; <1 foralll=1,...,kn, (4)
x; €{0,1} foralll=1,...,kn. (5)

Constraints (3) express that at most 1 interval per job can be selected, while
constraints (4) ensure that no intersection occurs in the set of selected intervals.
Constraints (5) are the integrality constraints. Let vy p(I) denote the value of
the LP-relaxation of (IP) with respect to instance I of JISPk.

Theorem 5.1. vyp(I) <2 -OPT(I) for all I. Moreover, this bound is asymp-
totically tight.

Proof. The idea is as follows. Let us construct a solution which is feasible to the
dual of the LP-relaxation of (IP). This solution will have a value, say vp(I),
bounded by 2 - OPT(I) for all I. Then, by LP-duality we are done: vpp(I) <
vp(I) <2-OPT(I) for all I.

Associating z-variables to the first set of constraints of (I P) and y-variables
to the second set of constraints, we get the following dual of the LP-relaxation
of (IP) (let A='(l) = {j: interval [ is active at f; —1},l=1,... kn):

(D) Minimize Zfﬁl Yt Yo 2
subject to zp /i + ZjeA,l(l) y; >1 foralll=1,... kn,
all variables > 0.

One can think of the z-variables as horizontal lines, such that z; ‘touches’ inter-
vals k(i —1)+1,...,ki, (i = 1,...,n) and of the y-variables as vertical lines such
that y; is at time f; — 1 and ‘touches’ all intervals in A(l) (I = 1,...,kn). The
dual problem (D) is now to give the dual variables nonnegative weights such
that total weight is minimized and every interval receives at least weight 1 from
those dual variables by which it is touched.
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Consider now the set of all optimal solutions to (IP) with respect to some
instance I (so the optimal integral solutions), and consider for each optimal
solution the increasing sequence of finishing times of intervals selected in that
optimal solution. Let EARLY OPT(I) be the set of intervals in I corresponding
to finishing times in the lexicographic smallest sequence. Let SISTERS(I) be
the set of intervals whose corresponding jobs have an interval in FEARLY OPT(I)
(formally SISTERS(I) = U;(J(i) \ 7)), and let REST(I) be the set of all
remaining intervals. Thus, we have partitioned the set of intervals in I into three
subsets.
We now construct the following dual solution:

1) yy = 1 for all Il € FEARLYOPT(I). Notice that the construction leading
to EARLY OPT(I) implies that each interval from REST(I) is touched by
some y;, | € EARLYOPT(I). (Indeed, suppose not, then there exists an
”earlier” optimal solution than EARLY OPT(I) which is impossible.) Thus,
by choosing these weights, each interval from EARLYOPT(I) as well as
each interval from REST(I) receives weight 1. Total weight spent: OPT(I).

2) zryy = Lforalll € EARLYOPT(I). This implies that each interval from
EARLYOPT(I) as well as from SISTFERS(I) receives weight 1. Total
weight spent: OPT(I).

3) All other dual variables are 0.

It is easy to verify that this constitutes a feasible dual solution with weight
2 - OPT(I). The first part of the theorem then follows. To establish the sec-
ond part, consider the following instance, depicted in Fig. 5 (where the interval
corresponding to job 2 has multiplicity k).

B
eI
I

job 1:

k=1
. k
job 2:

Fig.5. An instance of JISPk.

It is not hard to verify that the numbers above the intervals in Fig. 5 are the
optimal LP-values of the corresponding x-variables. Thus, for this instance we
have that vy p(I) =2 — 4, whereas OPT(I) clearly equals 1. O

Remark 5.1. Notice that we actually proved a slightly stronger statement than
announced in Theorem 5.1. Indeed, let vprp(I) be the value corresponding to
the formulation which arises when to problem D the constraints y, z € {0, 1} are
added. Arguments in the proof of Theorem 5.1 imply that vprp(I) < 2-OPT(I)
and the instance in Fig. 5 shows that this inequality is tight for each k > 2.



Approximating an Interval Scheduling Problem 179

Although the bound in Theorem 5.1 is asymptotically tight, there remains a
sizable gap for JISPk instances with small values of k (for k = 2, the gap is %
versus 2). The following theorem closes part of this gap.

Theorem 5.2. vyp(I) < 3-OPT(I) for all JISP2 instances 1.

Proof. We refine the proof of Theorem 5.1. Construct the following dual solution.

1) yy = 2 for all | € EARLYOPT(I). It follows (see the proof of Theo-
rem 5.1) that each interval from FARLY OPT(I) as well as each interval
from REST(I) receives weight 2. Total weight spent: ZOPT(I).

2) 7 1 = 1 for all | € EARLYOPT(I). This implies that each interval from

EARLYOPT(I) as well as from SISTERS(I) receives weight %. Total
weight spent: sOPT(I).

To proceed, we construct from instance I an instance I’ by deleting from I all
intervals in FARLY OPT(I). Obviously, OPT(I') < OPT(I).

3) i = % for all | € EARLYOPT(I'). Notice that each interval from
EARLYOPT(I') as well as each interval from REST(I') receives weight
3. Total weight spent: at most yOPT(I).

Construct now the instance I by taking all intervals from SISTFERS(I) and
SISTERS(I'). Observe that there are no 2 intervals present in I belonging to
a same job. Thus, we are now dealing with finding a maximum stable set on an
interval graph. Such an instance is solvable by GREEDY as explained earlier.
Set

4) y, = & for all | € G(I"). Notice that each interval from I” is touched by
some y;, | € G(I"). Notice also that |G(I")] < OPT(I), thus total weight
spent: at most 2OPT(I).

All other dual variables get weight 0. If we sum total weight spent in 1)-4) it
follows we have spent not more as % OPT. It remains to argue that each interval
from the instance has received weight at least 1. Take any interval from I and
distinguish 5 cases:

i It belongs to EARLY OPT(I). Then it gets 2 from 1) and % from 2).

ii: It belongs to SISTERS(I). Then it gets 3 from 2), 3 from 3) (since each
interval from SISTERS(I) is either an EARLYOPT(I') or a REST(I')
interval) and it gets & from 4).

iii: It belongs to REST(I) and EARLY OPT(I'). Then it gets 2 from 1) and
3 from 3).

iv: It belongs to REST(I) and REST(I’). Then it gets 2 from 1) and % from
3).

v: It belongs to REST(I) and SISTERS(I'). Then it gets 2 from 1) and %
from 4).

This completes the proof. 0O
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Abstract. In this paper we consider the problem of computing the heav-
iest k-vertex induced subgraph of a given graph with nonnegative edge
weights. This problem is known to be NP-hard, but its approximation
complexity is not known. For the general problem only an approxima-
tion ratio of O(n?*%) has been proved (Kortsarz and Peleg (1993)).
In the last years several authors analyzed the case k = {2(n). In this
case Asahiro et al. (1996) showed a constant factor approximation, and
for dense graphs Arora et al. (1995) obtained even a polynomial-time
approximation scheme. We give a new approximation algorithm for arbi-
trary graphs and k = n/c for ¢ > 1 based on semidefinite programming
and randomized rounding which achieves for some ¢ the presently best
(randomized) approximation factors.

Key Words. Subgraph Problem, Approximation Algorithms, Random-
ized Algorithms, Semidefinite Programming.

1 Introduction

For an undirected graph G = (V,E) with nonnegative edge weights w;; for
(1,7) € E and an integer k¥ < n = |V| the HEAVIEST SUBGRAPH problem
is to determine a subset S of k vertices such that the weight of the subgraph
induced by S is maximized. We measure the weight of the subgraph by computing
w(S) = > ics.jes Wij- (For convenience, we set w;; = 0 for (4, j) ¢ E, implicitly
assuming that G is a complete graph.) The unweighted case of the problem
(w;j = 1 for (i,j) € E) is called DENSEST SUBGRAPH. These problems arise in
several applications. (See [1,15] for a detailed discussion.)

Both problems are N’P-hard, which can be easily seen by a reduction from
MAXIMUM CLIQUE. The HEAVIEST SUBGRAPH problem remains NP-hard when
the weights satisfy the triangle inequality [15]. A promising and often successful
approach to cope with the hardness of a combinatorial optimization problem is
to design polynomial-time approximation algorithms.
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Given an instance I of a maximization problem and an (approximation) algo-
rithm A the approzimation ratio Ra(I) is defined by Ra(I) = OPT(I)/A(I) > 1
while r4(I) = 1/Ra(I) < 1is called the approzimation factor. We will use both
notations, but for the comparison of constant-factor approximations r4 will be
more convenient.

Previous Work. For the case where the weights satisfy the triangle inequality
Hassin, Rubinstein and Tamir [12] describe an algorithm which is similar to a
greedy solution for constructing a maximum matching by repeatedly choosing
the heaviest edge. Their algorithm has approximation ratio 2.

Arora, Karger and Karpinski [3] model the DENSEST SUBGRAPH problem as
a quadratic 0/1 program and apply random sampling and randomized round-
ing techniques resulting in a polynomial-time approximation scheme (that is, a
family of algorithms A. with approximation ratio (1 + €) for each £ > 0) for
problem instances satisfying k = 2(n) and |E| = 2(n?), or for instances where
each vertex has degree 2(n).

The general weighted problem without triangle inequality restrictions is con-
sidered in [2,9,14]. Kortsarz and Peleg [14] devise an approximation algorithm
which achieves an approximation ratio of O(n%3%83). Asahiro et al. [2] analyze a
greedy heuristic which repeatedly deletes a vertex with the least weighted degree
from the current graph until k vertices are left. They derive the following bounds
for the approximation ratio Rgreedy

) —I—O(l/n) for n/3<k<n,

+ %) - O(l/n) < Rgrccdy
7 1) —O(n/k?) for k<n/3.

(3 + 3
—1) = O(1/k) < Rgreeay <2 (F —
Goemans [9] studies a linear relaxation of the problem. Linear programming
yields a fractional solution, subsequent randomized rounding gives an integer
solution which may exceed the allowed number of vertices but this is repaired in
a greedy manner. His algorithm has expected approximation ratio 2+ Q(n~1/2)
for k =n/2.

Independently of our work, Feige and Seltser [7] have developed an algo-
rithm which is based on a different semidefinite programming relaxation and
uses a norm-based rounding procedure while ours takes directions of vectors
into account. Their approximation ratio is roughly n/k. For k ~ n'/3 they point
out the limits of the method in comparison to [14].

The Results. We present a randomized rounding algorithm for arbitrary graphs
and k = n/c,c > 1, which outputs for every sufficiently small € > 0 a k-vertex
subgraph of expected weight at least r(c)H Sopt where H Syt is the value of an
optimal solution and

e) = (1= e/m)(1 - e)2(8/e* + o D DUL_2)ad

cAHe—a+e) — A(-1)(c—1)(1 —s)a)

(o > 0.87856 and 8 > 0.79607 are the constants derived in the approximation
algorithms by Goemans and Williamson for MAXCUT and MAXD1CuT [10].)
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The following table shows the values of r for some interesting values of k (as-
suming n to be sufficiently large and e sufficiently small so that the factor
(1—c/n)(1—¢)? is negligible). We have listed the expected approximation factor
for choosing a random subgraph in the first column, the approximation factor
Tgreedy = 1 /Rgreedy in the second column and our approximation factor r(c) in
the third column.

k random  7Tgreedy 7(C)

n/2 | 0.25 0.4 0.4825
n/3 | 0.1 0.25 0.3353
n/4 | 0.0625 0.16 0.2387

Note that in all cases shown in the table we have an improvement on the ap-
proximation factors due to Asahiro et al. [2]. For k = n/2 our factor is slightly
smaller than the factor of 0.5 achieved by Goemans [9] and Feige and Seltser
[7], while for k = n/3 our factor is better. An example due to M. Langberg for
k = n/2 shows that in this case the approximation guarantee of our relaxation
cannot be better than 0.5.

The paper is organized as follows. In Section 2 we show how the HEAVIEST
SUBGRAPH problem can be formulated as a quadratic program. A relaxation
of the program can be solved within any desired precision in polynomial time
with the help of semidefinite programming. Section 3 is dedicated to the analysis
of the expected approximation factor of the algorithm for k = n/c,c > 1. We
conclude in Section 4 and outline how the approximation factor could be further
improved.

2 Modeling the Problem as a Semidefinite Program

In this section we will derive a suitable formulation for the HEAVIEST SUBGRAPH
as a nonlinear program and state our approximation algorithm. We introduce a
variable x; for each vertex i € V.= {1,...,n} and, in addition, another variable
xo to express whether a vertex belongs to the subgraph or not.

1e€S s rox; =1.

The optimal value for the HEAVIEST SUBGRAPH can be obtained as a solution
to the following program
maximize § > wi; (14 zox;)(1 + xox;)
(i,)€E
n
subject to S aor; = 2k—n (HS)
i=1
X0y X1y Ty € {—1,1}.

The term (1 + zox;)(1 + zox;)/4 = (1 + zox; + xox; + x425)/4 evaluates to 1
if i and j € S and to 0 otherwise. Thus, an edge (i, ) having both endpoints
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in the induced subgraph on S contributes w;; to the objective function. The
constraints guarantee that this subgraph has size k. Since it is AP-hard to find
a solution to this integer program, we relax the integrality constraint and permit
the variables to be vectors in the unit sphere in IR"*!. The product is replaced
by the inner product of two vectors. Let By be the unit sphere in R™ ™!

By ={z e R"| |z 2= 1}

I 1
maximize 3 Y wi (142025 + 20 - 25 + 24 - 75)

(i,5)EE
subject to Zn: xo-x; = 2k—n (SDP)
gol,xl,...,xn € B.
Using the variable transformation y;; := x; - x; we may translate the above

program into an equivalent semidefinite program.

maximize 3 > wi (T4 yoi + voj + vij)
(i,5)€EE
n
subject to Sy = 2k—n
i=1

yii =1fori=0,...,n

Y = (yi;) symmetric and positive semidefinite.

This program can be solved within an additive error of § of the optimum in
time polynomial in the size of the input and log(1/4) by, for example, interior-
point algorithms or the ellipsoid method (see [1]). As the solution matrix Y’
is positive semidefinite, a Cholesky decomposition of the Gram matrix ¥ =

(v0,v1, .., v0) T (vo,v1, ..., v,) With vectors v; may be computed in time O(n?).
This is described in [11]. Observe that the diagonal elements y;; = 1 ensure that
| v [|2= 1.

We separate the vectors - belonging to the subgraph or not - according to
their position relative to a random hyperplane through the origin. Unfortunately,
the resulting subgraph can have too many vertices, leading to an infeasible solu-
tion. But this defect is repaired by repeatedly removing a vertex with the least
weighted degree until we end up with exactly k vertices. If the size of the sub-
graph obtained after the rounding is less than k, we include arbitrary vertices.
The random experiment and the repairing step are repeated several times and
finally the best output is chosen.

Algorithm SUBGRAPH
1. Relaxation:

Solve the semidefinite program and compute a Cholesky decomposition of Y’
in order to construct solution vectors vy, ..., v, € Bj.
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2. Randomized Rounding:
Randomly choose a unit length vector r, € R™™" (to be considered as the
normal of a hyperplane through the origin) and set

Sy ={1<i<n|sgn(v; r) =sgn(vy-re)}

(Here sgn( ) denotes the signum function.)
3. Repairing:
o If |Si| < k, arbitrarily add k — | S| vertices to the graph.
o If |S;| > k, determine a vertex i € S; with minimum weighted degree
> jes, Wij and remove it from S;. Repeat this operation until S; has k ver-

tices. Denote the resulting vertex set by S;.

4. Iteration:
Let T = T(¢e) for a small € > 0, repeat the steps 2 and 3 for t = 1,...,T,
and output the best solution found in one of the T runs. (T will be fixed in
the analysis of the algorithm in Section 3).

We observe the following relation between the sets S; after the rounding and
S, after the repairing. Here we only need to consider the case |S¢| > k, because
otherwise we may simply add arbitrary vertices increasing the weight of the
subgraph.

Lemma 1. After the removal of the vertices we have

w(S;) > k(k—1)

* rs—n <5

The above inequality is tight, e.g., for a complete graph whose edges have equal
weight.

Proof. If we sum up the weights of the subgraphs induced by S; — {i} for all
i € St, each edge is counted |S¢| — 2 times because it disappears when one of its
endpoints is removed. So

Z w(Se —{i}) = (IS¢ —2)w(Se) -
i€Sy

Thus, an average argument implies that after the first deletion of a vertex v with
minimum weighted degree the weight of the remaining subgraph is

Zie | w(Se —{i}) (|St‘ -2)
w(S; — {v}) > = X > S

w(St) .
The claim is then obtained by induction . O

3 Analysis of the Algorithm

The analysis of the performance of our approximation algorithm is split into
two parts. We first estimate the expected weight and number of vertices of the
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subgraph after the rounding phase. The reasoning is similiar to the MAxCuT
and MAxXDICUT approximation introduced by Goemans and Williamson in [10].
We refer to this article for the details of the method. In the second part, we
consider the expected approximation factor after the repairing step by relating
the weight of the induced subgraph and the number of vertices after the rounding
in an appropriate way. Frieze and Jerrum [8] used analogous techniques for the
MAXBISECTION problem. We restrict ourselves to the case k = n/c,c > 1. The
approximation factors for k& € {n/2,n/3,n/4} are given in the table in Section
1.

Lemma 2. Let HS,p, denote the optimum of the program (HS) and SDP,p
the optimum of the semidefinite relaxation (SDP). Fort =1,...,T the subgraph
induced by Sy after the rounding satisfies

(Z) E[W(St)] Z ﬁSDPopt Z BHSopt
(i) ak < E[S] < I—-a)n+ak.

Here o > 0.87856 and (§ > 0.79607 are the constants Goemans and Williamson
proved in the approximation algorithms for MaAxCuT and MaxDiCut [10].
The derivation of the bounds closely follows the methods they applied in their
analysis. For completeness we will repeat the key ideas here.

Proof. The probability that two vectors v; and v; are on opposite sides of the
random hyperplane is proportional to the angle between those two vectors and

is
arccos (v; - v;
Prisgn(v; - ry) # sgu(v; -r)] = +J)

Due to the linearity of expectation we have

Elw(S:)] = Z w;; Prlsgn(v; - r¢) = sgn(v; - r) = sgn(vo - 1)) -
(i,7)EE

In order to determine the above probability we define the following events

A: sgn(v; - ry) = sgn(vj - r) = sgn(vo - 1)
B;: sgn(v; - r) # sgn(vj - ) = sgn(vo - 1)
Bj: sgn(vj - ) # sgn(v; - re) = sgn(vo - 7¢)
By: sgn(vo - 1¢) # sgn(v; - re) = sgn(v; - 1)

and observe that
Pr[A] + Pr[B;] + Pr[B;] + Pr[Bo] =1

and that, for instance, Pr[B;] = Prlsgn(v; - r,) = sgn(vg - r)] — Pr[A]. Similar
equations hold for Pr[B;] and Pr[Bj]. Combining these equations leads to

1
Pr[4] =1- Z—(arccos(vo - v;) + arccos(vg - vj) + arccos(v; - ’Uj))
T
> g(l—i-vo-vi—kvo-vj—i—vi-vj).



Finding Dense Subgraphs with Semidefinite Programming 187

The last inequality can be verified using calculus.
Hence, we obtain E[w(S;)] > 8 SDP,, > (3 HSopt because of the relaxation.
Computing the expected number of vertices in S; we get

E[|S[] =Y Prlsgn(v; - 1) = sgn(vo - 1))

<.

n

(1- % arccos(vy - v;))

i=1
:n—zn:l arccos(vg - v;)
=
< il—v(yvi
n—o S
B i=1 2
=(1-a)n+ak.

In the last equation we used the cardinality constraint of the relaxation (SDP).
Note that

7 — arccos(vg - v;) _ arccos(—vg - v;) > a (14 v - v2)
T ™ 2

leads to the lower bound for the expected number of vertices of the subgraph. 0O

We continue the analysis for k = n/c for some constant ¢ > 1.

The main difficulty stems from the fact that so far we have only computed the
expected size and weight of the subgraph, but we need to relate the size and
weight to the expectations, for example by a large-deviation argument. Unfor-
tunately, our random variables are not independent, so Chernoff-type bounds
cannot be used. Fortunately, the Markov inequality already helps.

Lemma 3. Let € > 0 be some small constant.
Pr[I1Sil ¢ [(a—e)n/e, nl] < p(e)<1.

Proof. We apply Markov’s inequality and the lower bound for the expected num-
ber of vertices

Pr [\st\ < (a—s)n/c] —Pr [n_\st| > (1—ajcte/e)n

n — E[|S]
T (l—afe+e/e)n
n—anjc

= (I—a/ct+e/c)n = P < 1.
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By repeating the rounding experiment 77 = T"(¢) times, we can make sure that
in some run, say T,

15:| € [(a—e)n/e,n] (%)
with probability at least (1 — ¢).

Theorem 1. For k = n/ec,c > 1 the algorithm SUBGRAPH computes a sub-
graph S with expected weight

E[w(S)] > (1 —c¢/n)(1—¢e)*7(c) HSops -
7(c) is given by

(2 =1)(c—1)(1—-¢)aB
(c—a+e) = -1)(c—1)(1-2)

o) = 6/ +

Proof. Remember that in the algorithm we finally choose the best subgraph of
the T iterations. We define three random variables for each rounding experiment
t=1,...,T

Xy Yy

X; = Y, =n— Ly = .
r=w(S), r=n=18, K fS’DPopt—i_n—n/c

f > 01is a constant (depending on ¢) which we shall later fix in a suitable way.
The intuition behind our definition of Z; is judging a set S; by its weight and
its violation of the cardinality constraint.

Lemma 2 ensures

E[Z] =z B/f + . (1)
A random subgraph R with n/c vertices has expected weight
) . 1
Elw(R)] = > wi Prliandj € R = S (V).
(i,5)EE

Hence, SD P,y > HSopt > c%w(V), and

w(V) n — | S| - ﬁ ¢
T fhw(V) n—nfc — f c—1"

Z

(1) and (2) imply that
c2/f—|—c/(c—1)—(ﬁ/f—|—a) :.p//
Af+ce/le=1) - A=e)B/f+a)

Repeating the rounding experiment 7" = T"(¢) times we can guarantee that for
Zr = maxi<¢<7 Z; the “error probability” becomes very small:

Pr(Z; <(1-¢)(8/f +a)] < <1

Pr(Z, <(1-&)(B/f+a)] < p"" < e.
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Thus, with probability 1 — ¢ we have Z, > (1 —¢)(8/f + «).
From now on we may assume that this inequality holds. We may even assume
that the set S; satisfies the condition (x)

|S-| € [(a—e)n/c,n].

We let X, = w(S;) = ASDP,p for some A, and |S;| = pn for some u €
[( —¢€)/c, 1]. Then,

A mn—pun A c
Zr = ?+n—n/c N ?+c—1(1_u)
Y2 a-Bran- L0 @

We split the p-interval [(a — €)/c, 1] into two parts

[(a« —¢€)/c, 1/c[ and [1/c, 1] and consider them separately.

In case of u € [(av — €)/c, 1/c[, the number of vertices after the rounding is too
small and no vertices have to be removed. Then

w(5) > w(S;) = ASDPup

> [0 =B +ah) — L5 (0 w)] SDPy

> [(1-o)B+af) (c—a+|SDPy (1)

-1

For p1 € [1/¢, 1] the number of vertices is too large and some vertices have been
deleted. Here we apply Lemma 1 in order to estimate the weight of the subgraph
induced by S

w(S,) > njc- (njc —1) w(S5)

yn(un 1)
2(1—%)§%§5ng.
With the lower bound (3) for A\ we can estimate ﬁ:
min A > min (1—5)(5+af)—cff1 (1—p)

pe(l/e,] c? p?

—min{(1-=e)(B+af) = f, (=) (B+af)c?}, (5)

and the last equation follows from the fact that the minimum is attained for
uw=1/cor p=1, as the above function has no minimum in the interior of the
interval.

Comparing the factor in (4) and the first expression in (5) yields that the former
is smaller than the latter. We may now choose f so that the minimum of the
resulting two factors

nell/e,1] ¢

f

-1

min { (1-2)(8+af) (c—a+e), (1-e)(B+af)c?}



190 Anand Srivastav and Katja Wolf

is maximized. Since the first term is a decreasing linear function of f and the
second term is an increasing function, the minimum is maximized when both
expressions are equal, that is for

) Y

= Ale—a+e) — (E—1)(c—D)(I—-e)a

So the following inequality holds

e 8 (2 = 1)(c—1)(1 — )as

w(87) 2 (1= 000 =9 F+ e = a@ - De- D= 9e

SDPy

Observe that the weight of the subgraph produced by the algorithm is at least

w(S7). Hence it is sufficient to compute the expectation of w(S;), and we get
the claim of the theorem. O

The following example due to Michael Langberg shows that for k& = n/2 the
integrality ratio between SDP,,; and HS,p: is at least 2. Consider the complete
graph on n vertices. A feasible vector configuration to the semidefinite program
of weight approximately n?/4 can be achieved by setting all vectors v; equal to a
single vector perpendicular to vg. In that configuration each edge contributes 0.5
to the objective of the semidefinite program, yielding a total weight of | E|/2. On
the other hand the optimal solution has weight |E|/4, thus the approximation
factor of our algorithm for k = n/2 cannot be better than 0.5.

4 Conclusion

The approximation complexity of the HEAVIEST SUBGRAPH problem is not
known, while the complexity of the related MAXIMUM CLIQUE problem is well-
studied [13]. Any result in this direction would be of great interest.

On the positive side, better approximation algorithms relying on stronger
relaxations might be devised. Feige and Goemans [6] gain a better approximation
ratio for MAXDI1CUT by adding valid inequalities and using different rounding
schemes.
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Best Possible Approximation Algorithm
for MAX SAT with Cardinality Constraint

Maxim I. Sviridenko *

Sobolev Institute of Mathematics, Russia

Abstract. In this work we consider the MAX SAT problem with the
additional constraint that at most p variables have a true value. We
obtain (1 — 671)-appr0ximation algorithm for this problem. Feige [7]
proves that for the MAX SAT with cardinality constraint with clauses
without negations this is the best possible performance guarantee unless
P=NP

1 Introduction

An instance of the Maximum Satisfiability Problem (MAX SAT) is defined by
a collection C' of boolean clauses, where each clause is a disjunction of literals
drawn from a set of variables {x1,...,2,}. A literal is either a variable x or its
negation z. In addition for each clause C'; € C, there is an associated nonnegative
weight w;. An optimal solution to a MAX SAT instance is an assignment of
truth values to variables z,...,z, that maximizes the sum of the weights of
the satisfied clauses (i.e. clauses with at least one true literal). In this work
we consider the cardinality constrained MAX SAT (CC-MAX SAT). A feasible
truth assignment of this problem contains at most P true variables.

The MAX SAT is one of central problems in theoretical computer science.
The best known approximation algorithm for the MAX SAT has performance
guarantee slightly better than 0.77 [2]. In [3] it is shown that the MAX E3SAT,
the version of the MAX SAT problem in which each clause is of length exactly
three, cannot be approximated in polynomial time to within a ratio greater than
7/8, unless P = N P. It seems that for the general MAX 3SAT there exists an
approximation algorithm with performance guarantee 7/8 [9]. The best known
positive and negative results for the MAX-2SAT are 0,931 [6] and 21/22 [3],
respectively. We can see that there is a gap between positive and negative results
for the MAX SAT.

A class MPSAT is defined in [10] and it is proved that for all problems
belonging to the MPSAT there exists an approximation scheme. Since the planar
CC-MAX SAT belongs to the MPSAT (see the definition of this class in [10]) an
existence of an approximation scheme for this problem follows. It’s known that
an existence of an approximation algorithm with perfomance guarantee better
than 1 — e~ ! for the CC-MAX SAT with clauses without negations implies
P=NP[3].

* Supported by the grant 97-01-00890 of the Russian Foundation for Basic Research.

Klaus Jansen, José Rolim (Eds.): APPROX’98, LNCS 1444 , pp. 193-199, 1998.
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In this work we present an approximation algorithm for the CC-MAX SAT
with performance guarantee 1 —e~1. We use the method of randomized rounding
of linear relaxation. Notice that for satisfiability problems without cardinality
constraint best known algorithms (sometimes best possible) are obtained by
using semidefinite programming relaxation (compare [3] and [6,4,9]) but for the
CC-MAX SAT problem the best possible approximation is obtained via linear
programming relaxation.

2 Linear relaxation and approximation algorithm

Consider the following integer program

max Z w;zj, (1)

c;eC
subject to
ST+ > (—y) >z forall CjedC, (2)
ierf iel;

Zyi <P, (3)

i=1
0<%z <1 forallC;eC, (4)
yze{o,l} izl?""”? (5)

where 1 ]+ (respectively T j_) denotes the set of variables appearing unnegated
(respectively negated) in C;. By associating y; = 1 with z; set true, y; = 0
with z; false, z; = 1 with clause C; satisfied, and z; = 0 with clause C; not
satisfied, the integer program (1)-(5) corresponds to the CC-MAX SAT problem.
The similar integer program was first used by Goemans and Williamson [3] for
designing an approximation algorithm for the MAX SAT problem.

Let M > 1 be some integer constant. We define M in the next section.
Consider the problem (1)-(5) with additional constraint >, y; < M. We can
find an optimal solution (y1, 1) of this problem in polynomial time by complete
enumeration. Consider the problem (1)-(5) with another additional constraint
Yoy > M and let (y2,22) be an a-approximation solution of this problem.
Clearly, the best of these two solutions is an a-approximation solution of the
CC-MAX SAT. Consequently, without loss of generality we may consider the
problem (1)-(5) with constraint Y ., y; > M.

For t = M,..., P consider now linear programs LP; formed by replacing
y; € {0,1} constraints with the constraints 0 < y; < 1 and by replacing (3) with

the constraint .
Z Yi = t. (6)
i=1

Let F} be a value of an optimal solution of LFP;. Let k denote an index such
that F}' = maxyr<i<n Fy". Since any optimal solution of the problem (1)-(5) with
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constraint Z?Zl y; > M is a feasible solution of LP; for some ¢, we obtain that
Y} is an upper bound of the optimal value of this problem. We now present a
randomized approximation algorithm for the CC-MAX SAT.

Description of algorithm

1. Solve the linear programs LP; for all t = M, ..., P. Let (y*, 2*) be an optimal
solution of LP;.

2. The second part of the algorithm consists of k& independent steps. On each step
algorithm chooses an index ¢ from the set {1,...,n} at random with probability

P, = % Let S denote the set of the chosen indices. Notice that P > k > |S].
We set ¢; =1if i € S and x; = 0 otherwise.

Our final algorithm consists of two steps. The first step is to solve linear
programs LP; for all t = M, ..., P. We can do it by using any known polyno-
mial algorithm for linear programming. The second step is a derandomization
the randomized part of the algorithm. We will show in the section 4 that deran-
domization can be done in polynomial time. In the next section we evaluate an
expectation of the value of the rounded solution.

3 Analysis of algorithm

3.1 Preliminaries
In this subsection we state some technical lemmas.

Lemma 1. The probability of realization of at least one among the events
Ay, ..., A, is given by

Pr(AyU...UAy) = Y Pr(d)— > Pr(d,NAy,)+...

1<i<n 1<iy <iz<n

+(—1)t71 Z Ij’r‘(z4i1 ﬂﬂA“)—F
1<i1<...<iz<n
Proof. see in [7], v.1, chapter 4.
Lemma 2. The probability of realization of at least one among the events

B, Ay, ..., A, is given by

Pr(BUAU...UA,) = Pr(B)+ Y Pr(BnA;)— > Pr(BnA;,NA;)+...

1<i<n 1<ii<ia<n

+=DN > Pr(BNAL N DAL+

1<i1<...<ir<n

Proof. The claim follows from lemma 1 and the facts
Pr(BUA U...UA,)=Pr(B)+Pr(BN(A,U...UA,)) =
=Pr(B)+ Pr((BNA))U...U(BNAy,)).
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Lemma 3. The inequalities
l—e ¥ <e ' 1—ehev <71V _ f(E),
1— 674/16677; _ 674/]6671 +e TV < e~ 2tzty

hold for all y,x € [0,1], k > M where M is a sufficiently large constant inde-
pendent of x,y and limy_, ;. f(k) = 0.

Proof. Let x = €Y, then the first inequality is equivalent to 22 — ex + e > 0.
Since €2 — 4e < 0 we obtain the desired statement. Using the same argument we
can prove the second inequality for sufficiently large k. We now prove the third
inequality

1—e Mhemv _em4/kemm L o727y — (1 — e k™) (1 — e Mre ) + f1(k) <

where f1(k) = e %e Y(1 — e 8/F). Let f(k) = e- f1(k) then we continue using
the second inequality

< (€7 — f(R))eT Y fi(k) < emFHH

In the following lemma we will use the well-known inequalities e~ > (1 —
1/k)* > e 1=Vk for k> 2 and e™@ > (1—a/k)* > e—a=a’/k for k > 2a > 0.

Lemma 4. The inequality

fl@y,2) = (1—%)k+(1—%)k+(1—%)k— (1_””Zy>k_
—(1—yzz>k— (1—sz)k+ (1—7x+z+z)k>1—e—1.

holds for all x,y,z € [0,1] and k > M where M is a sufficiently large constant
independent of x,y, z.

Proof. Notice that the following inequalities hold for all z € [0, 1]
et —(1—a/k)F <e®(1- efzz/k) <1—e VE

Using the similar arguments we have

k
lim {ex ‘e Vte P4e TV - (1 — E) —
k—+o0

k
y\F Z\Fk r+y+z
— 1——) —(1——) - (1-— =0
and therefore for large k£ we obtain

F(@,1,2) > € eV e — eIV _ T0E L emU 4 =55 (1) =

=l-(1—-eH(1l—e"1—e*)=o0(1)>1-1—e 1> —0(1) >0.74>1—c L.
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3.2 Evaluating of expectation

Let S denote the set of indices produced by randomized algorithm, let f(.S) be
the value of the solution defined by the set S and let E(f(S)) be the expectation
of f(S). Now we prove our main statement.

Theorem 5.
Fy>B(f(S) > (1—e )Fy

Proof. Using the linearity of expectation we obtain

E(f(S)) = Y w;Pr(z =1).

c;eC

Let Xt =3, ,+y;. We consider four cases now.
i

Case 1 Assume that |1 j_\ = (). Since the steps of algorithm are independent
and X+ > 2} we have

Y

k
Pr(zj=1)=Pr(SNIf #0)=1- (1—)%)

Ny k
% 1 .
>1- (1—?) > (1— (1—% 2.
The last inequality follows from concavity of the function g(z) =1 — (1 — z/k)*
and the facts g(0) = 0,g(1) =1 — (1 — 1/k)k.
Case 2 Assume that |I;| = 1. Let [; = {t} and a = y;. If X* > 1, then

using the argument of the previous case we obtain Pr(z; = 1) > Pr(SN Ij'-F #
(@) > 1—e~t. Assume that X < 1, then applying the lemmas 2,3 and inequality

Xt +(1—a)> 2 we have
Pr(zj:1):P7‘(Sﬂ[f7é@ort¢5):

=Pr(SNIf #0)+ Pr(SNI =0 and t ¢ S) =
k k
- (1 B XT+> + (1 - X+;<;+ a) >1—e X fe X Tma-(XTHa)/k 5

+ + + .
>1—e X feWheXTmas1 o XTelbas 12 > (1- efl)z;‘

Case 3 Assume that [I| = 2. Let [, = {i1,i2},a = y;, and b = yj,.
Without loss of generality assume that X < 1, then using the lemmas 2, 3 and
inequality X* + (1 —a) + (1 —b) > 2} we obtain

Pr(zjzl):Pr(SﬂI;#@oril gSoripsgS) =

=Pr(SNIf #0)+Pr(SNI =0 and iy ¢ S)+
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+Pr(SNIf =@ andiy ¢ S)—Pr(SNI7 =0 and iy ¢ S and iy & S) =

X+\* X+ +a\* X+ +b\" X+t +a+b\”
e — _ — — . - >
T ) ) ) )

_xt+ _ _xt_ _ _xt_ _xt_4—
>1—e X" p ek XTma g o~4/kp=XTb _ —XT—ab

_x+ _ o _
>1—e X e 2totb > _¢ > (1—e 1)2;

Case 4 Assume that |Ij_| > 3. Let i1, 149,43 be arbitrary indices from the set
I then applying lemmas 1,4 we have

Pr(zj=1)>Pr(iy ¢ SoriagSoris g S)=Pr(i1 ¢ S5)+ Pr(ia ¢ S)+
+Pr(is € S)— Pr(iy € S and is € S) — Pr(is & S and i3 ¢ S)—

—Pr(iy ¢ Sandis & S)+ Pr(iy € S and ia & S and i3 € S) =

A AL AR A L AN
N k k k k

* *\ k * * N\ k * * * \ k
_(1_L]€yi3> _<1_yi37—]:yil> +(1_W) >1—e¢ L

4 Derandomization

In this section we apply the method of conditional expectations [1] to find an
approximation truth assignment in polynomial time. The straightforward using
of this method doesn’t give a polynomial-time algorithm since if an instance of
the CC-MAX SAT contains a clause with not constant number of negations we
cannot calculate (by using lemma 2) the conditional expectations in polynomial
time.

Let 1P be an instance of the CC-MAX SAT given by a set of clauses C =
{C; :j =1,...,m} and a set of variables {z1,...,2,}. Let F}f be the value
of optimal solution of relaxation LPy for IP;. We define an instance 1P, of
the CC-MAX SAT by replacing each clause such that [[;7[ > 3 by a clause

C; =T VT VT, where i1, 19,13 € Ij_.

We apply the randomized approximation algorithm with probabilities de-
fined by optimal solution of LPj. Let S be a solution obtained by randomized
rounding, f1(S) - value of S for the problem IP; and f2(S) - value of S for
the problem [P, then using the fact that Pr(z; = 1) > 1 —e~! for all clauses
Cj with |I;7| > 3, we have E(f2(S)) > (1 —e™")Fy. We can derandomize this
algorithm using the following procedure
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Description of derandomization

Derandomized algorithm consists of k£ steps. On s-th step we choose an index i
which maximizes a conditional expectation, i.e.

E(fg(S)‘Zle S, ..., is_1€ S,Z;nS) = max E(fg(S)‘Zle S, ..., is_1€ S, je S)

Je{l,...,n}

Since

max E(fQ(S)‘Zl S S,. s, ls—1 € S,j € S) > E(fQ(S)"Ll S S, s, ls1 € S)

JE{l,...,n}

at the end of derandomization we obtain a solution S such that f»(S) > E(f2(S))
> (1 — e Y)Ff. Since Ff > fi(S) > f2(S) this solution is an (1 — e™1)-
approximation solution for IP;. We can calculate a conditional expectations

in polynomial time using their linearity, lemma 2 and the fact that | ﬂ <3in
1Ps.
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